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This paper introduces an analytical framework for the derivation of distributed-parameter equations of motion of a
flexible quadrotor. This approach helps obtain rigid and elastic equations of motion simultaneously, in a decoupled
form, to facilitate the controller design. A delay-resistant low-frequency adaptive controller is employed, which
prevents excessive oscillations due to flexible dynamics, compensates uncertainties, and addresses the inherent time
delay. In addition to this, a delay-dependent stability condition for the overall system dynamics is obtained including
the human operator with reaction time delay, the adaptive controller, and the flexible quadrotor dynamics with input
delay. With comparative simulation studies, it is demonstrated that the flexible arm tip oscillations are significantly
reduced when the low-frequency delay-resistant closed-loop reference model adaptive controller is used, compared to
a closed-loop reference model adaptive controller and a conventional model reference adaptive controller.

Nomenclature

CRM = closed loop reference adaptive contro

CRM-H closed loop reference adaptive control with the
human pilot mode

DRCRM = delay resistant closed loop reference adaptive
contro

DRCRM-H = delay resistant closed loop reference adaptive
control with human pilot mode

MRAC = model reference adaptive contro

MRAC-H model reference adaptive control with the human
pilot mode

UAV = unmanned aerial vehicle

I. Introduction

UADROTOR unmanned aerial vehicles (UAVs) are conven-

tionally treated as rigid bodies because most of the time flexible
dynamics are negligible. However, for quadrotors that are built using
very thin and light materials, flexible dynamics cannot be ignored.
The preference of these materials contributes significantly to quad-
rotor design in terms of 1) lower manufacturing and maintenance
costs, 2) reduced battery consumption, 3) reduced fragility due to
collision forces, and 4) reduced proneness to damages during vertical
landing. Nonetheless, during a flight mission, flexible effects may
introduce excessive vibrations, which may result in structural damage
to the UAV body. To be able to conduct a careful analysis for these
vehicles, a rigorous mathematical model of flexible dynamics is
needed.

Research efforts reported in the open literature pertaining to flex-
ible quadrotor UAVSs are relatively scarce. In [1], the flexibility of a
quadrotor, upon impact with a wall, is formulated as deformation and
reconfiguration of the chassis using a revolute spring and a damper.
In [2], a structural vibration analysis of a typical quadrotor UAV
chassis using experimental and numerical methods is conducted.
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This analysis is used to find the lowest vibration regions for electrical
equipment placement. In [3], structural resonance is attributed to the
interference between the excitation frequencies of the propellers
and fundamental frequencies of the UAV structure. A model that
uses radial basis functions is constructed to approximate the depend-
ency of the first fundamental frequency on structural parameters.
This model is used to find the optimum values of the parameters to
prevent excitation interference. It is noted that neither [2] nor [3] con-
tains a dynamical model of the quadrotor UAV that can be employed
for control design or analysis of the close-loop control system.

The flexible quadrotor UAV model developed in this paper dis-
tinguishes itself from the aforementioned earlier studies by providing
a fully distributed dynamical model that can be used for control
design. A distributed modeling approach for aerospace applications
is not new (see [4-7]). In particular, a number of approaches to
flexible fixed-wing aircraft design have been proposed, such as
aerodynamic strip theory on wings [8], bifurcation and continuation
methods [9], nonlinear reduced-order models [10], the intercon-
nected multiple beam structure method [11], and the structural
dynamic modeling method [12]. These studies are also extended to
very flexible fixed-wing UAVs, in other words, that have long
flexible arms [13—15]. However, similar results do not exist for
quadrotor UAVSs, and transferring the existing results to quadrotor
UAVs is not a trivial task. In this paper, we introduce an analytical
framework to derive distributed equations of motion of a flexible
quadrotor UAV. The applied method is predicated on Lagrangian
mechanics using the mean-axes theorem. This approach helps obtain
rigid and elastic equations of motion simultaneously, in a decoupled
form, which facilitates the controller design.

After deriving the equations of motion, we address the question of
control. Controlling flexible quadrotor dynamics requires overcom-
ing several challenges. These include uncertainties, proneness to
extensive oscillations due to flexibility, and time delays stemming
from 1) response times of motor drives [16], 2) complicated data
measurements of various sensors [17], 3) data dropout [18], and 4)
problems in communication networks [19]. We adopt the delay-
resistant closed-loop reference model adaptive controller (DRCRM)
[20] to address these issues. We tailor DRCRM for the state acces-
sible case studied in this paper for two specific scenarios. In the first
scenario, the reference command is predefined, whereas a reference
that is changing in real time is considered in the second scenario.
Through extensive comparative simulation studies using the high-
fidelity model developed in this paper, we demonstrate that alter-
native controllers that do not specifically address the mentioned
challenges fail to match the performance of DRCRM. DRCRM
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provides a system response with the lowest-frequency and -amplitude
oscillations.

To complete the picture, we derive the stability limits of the overall
closed-loop system, consisting of the human operator with a reaction
time delay, the controller, and the flexible quadrotor with input delay.
Together with the inclusion of the human operator reaction time delay
analysis, we fill an important gap in the literature by proposing an
overall control framework, where a distributed modeling of flexible
quadrotor UAV is developed together with a low-frequency adaptive
control implementation and a human-in-the-loop stability analysis
including reaction time delays. The involvement of human operator
in the overall analysis is especially important to understand the whole
cyber physical human system [21-24].

A preliminary version of this work is published at 2021 IEEE
Conference on Decision and Control [25]. Different from the
conference version, in this paper, we elucidate the modeling of elastic
quadrotor dynamics in full detail such as the derivation of orthogon-
ality conditions and the derivation of the temporal part of the flexible
dynamics partial differential equations. Furthermore, in the
conference version, a delay-free plant dynamics is assumed, and
the only delay in the system is the human reaction time delay. In this
paper, we remove this assumption by including the inherent time
delay in plant dynamics, the sources of which are given in the
previous paragraphs.

This paper is organized as follows. Section II presents the model-
ing of elastic quadrotor dynamics. The controller design and human-
in-the-loop stability analysis are given in Sec. III. Simulation results
are presented in Sec. IV, and the conclusions are given in Sec. V.

II. Modeling of Elastic Quadrotor Dynamics

We have taken inspiration from the Lagrangian energy-based
approach outlined in [6,8] to develop the distributed equations of
motion for our model. Unlike the models presented in [6,8], our
model takes into account both the energy dissipation effects
described in [26,27] and the flexibility of the quadrotor arms. In this
section, we first provide the background information necessary to
understand the model and then develop the distributed parameter
model itself.

A. Dynamics of Unconstrained Elastic Bodies

In an unconstrained elastic body, the inertial position R ¢ of a mass
element pdV where p is the density and dV is the infinitesimal
volume can be found by adding its position relative to a noninertial
body-fixed frame G, denoted as Ry, and the position of this body
reference frame relative to the inertial frame F, denoted as R £ (see
Fig. 1). This can be expressed as

dm = pdV

f‘

Re g

F a

Fig. 1 Position of a mass element with respect to reference frames.

Re =Ry +Rg )

In the rigid-body formulation, the time rate of change of Rg is
assumed to be 0 [28,29]. However, this assumption does not hold
for the elastic body formulation [6]. We can express the kinetic and
potential energy terms, denoted as 7" and U, respectively, using the
time derivative with respect to R denoted as (d/dt)(.), the time
derivative with respect to R denoted as (6/61)(.), and the angular
velocity w of Rg with respect to R . This yields

_ 1/ {dede L @R 9Rg | 6RGORg
14

2 dt dt dt ot ot ot
—|—2 (a)XRg)-l—(a)XRg)(a)ng)—i—Z(a)ng)—} dv
2

| [ &R,

We can express the position of the mass element pdV relative to the
body frame G as

Rg =5+ w(x, 1) “4)

Here, s is the constant undeformed length, w(x, t) is the relative
elastic displacement, and X is the generalized coordinate on the body
frame. Assuming that the free vibration modes of the elastic body are
known, we can express the relative displacement w(X, ¢) in terms of
an infinite number of mode shapes W(x) and generalized displace-
ment coordinates Y (7) as

w(E@ 0 =) WY, (5)
j=1

Using Eq. (5) and applying the mean axes theorem [6,30-32], we can
rewrite Egs. (2) and (3) as

| dRzdRs 1, ©
T = m Io+ = ZM HO) ©6)
U=-mgRr+ = Za}zM Y3(1) @)

where the first, second, and third terms in Eq. (6) are translational 7,
rotational 7 ,, and elastic 7, kinetic energy terms. On the other hand,
the first and second terms (7) are gravitational U/, and elastic U,
potential energy terms. The term M ; is the generalized mass term, and
@j is the natural frequency corresponding to the jth elastic degree of
freedom.

B. Equations of Motion for Elastic Quadrotor UAV

The elastic quadrotor UAV# is composed of three types of masses: the
main body mass m,,, arm mass m,., and rotor mass m,.. The total mass of
the UAVis given by m = m,, + 4m_. + 4m,, as depicted in Fig. 2. The
position vector and Euler angles vector for the center of mass in the body
frame are denoted by & = [x,y,z]" € R? and v = [, 0,w]" € R?,
respectively. The angular velocity vector of the center of mass in the
inertial frame is @ = [p, ¢, r]T € R3. The rotation matrix Ry € R¥3
that transforms the vectors from G to F is given as

#© 2021 Institute of Electrical and Electronics Engineers. Reprinted and
updated, with permission, from E. Eraslan and Y. Yildiz, “Modeling and
Adaptive Control of Flexible Quadrotor UAVs,” 60th IEEE Conference on
Decision and Control, Institute of Electrical and Electronics Engineers, Aus-
tin, TX, 2021, pp. 1783-1788.
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Fy(t)

0

Fig. 2 A simplified schematic of the elastic quadrotor UAV. The body-
fixed frame G is drawn slightly above the center of mass to prevent
cluttering the illustration.

CyCo  CySeSy — SyCy  CySeCy + Sy 54
Rpg = | SyCo  SySeSp + CyCp  SySeCy — CySy ®)
—Sq CoS¢ CoCo
where s, and ¢, denote the sine and cosine of the corresponding Euler
angle, respectively. The thrust force on the kth rotor is given by
Fy = kQ; ®

where k; is the thrust factor and €, is the angular velocity of the kth
rotor. The total thrust force F, represented in the body frame G is

4
Fy =Y Figs (10)
k=1

where g3 = [0, 0, 1]7 is the unit vector that corresponds to the opposite
direction of gravity in the body frame G. F, represented in the inertial

frame F is given as
Q¢ = RpF, (11)

The torques developed due to the rotational velocities of the rotors are
calculated as

Ty kth(szl - Q%)
T, =T | = k,LJQ% - Q%) (12)
7y ko (—Qf + Q3 - QF + Q))

where k, is the drag factor and L. is the arm length. Gyroscopic torques
are given as

Tg = _Jng[i) X 93]’

Q=09 -Q+Q-Q, (13)

where J, is the moment of inertia of the rotor and €, is the gyroscopic
velocity. The total torque O, represented in the inertial frame F is
obtained as

Ql} =7 + Tg (14)

The control input vector u is taken as

kook ok k[
0 &k 0 k||
Tl 0o ok o|l@|
—k, Kk, —k, k|| @
— RO, (15)

where Rgq_is the corresponding constant transformation matrix and
Q, = [Q2, 03, Q2 Q2|7 is the vector consisting of the squares of rota-
tional velocities. Another useful transformation matrix is the one that
converts the force vector F = [F;, F,, F5, F,4]" into the control input
vector u. Multiplying Q with k, and dividing each element of Rq_ by k;,
it follows from Eq. (15) that

u = kf_lR_QSF,
— RyF (16)

where Ry is the corresponding constant transformation matrix. The
generalized coordinates for the elastic body dynamics is given as
qg=1[" 0", YJT]T eRW*9 j=1,2,..., p, where p is the number
of elastic degrees of freedom, which is infinite in theory but can be
truncated to a finite number depending on the level of modeling fidelity.
In this work, we set p = 3, that is, we take the first three natural
frequency values of the quadrotor arms for the elastic body formulation.
The relation between the rotational velocity vector @ and time rate of
change of the Euler angles vector are expressed as

cgcy —s, 0

=R an

where R, is the corresponding transformation matrix. Substituting
Eq. (17) into Eq. (6), it follows that

W 1 dRpdRy 1. + 1 & .,
T(q,q) = -m———+ —0"R" IR’ — ) M;Yi(t 18
(q.4) = ym= ==+ 50 v+2; i as)

The Lagrangian consisting of the set of generalized coordinates for the
elastic quadrotor UAV can be expressed as

L(q.¢)=T-U 19

The friction term is added exogenously to the formulation in terms of a
Rayleigh dissipation function [27] as

1 .
D(§) =5 o X0 (20)
j=1

where the term o, is the damping coefficient term. The Lagrangian
equation is then given as

d (oL oL D
A=l +) =9 21
dr\9q; 9q; 9g;
where i = 1,2,...,(p 4+ 6) and Q; is the generalized force. Using
Eqgs. (18-21), we obtain that

¥ = (cysoCy + 5y54) % (22)

y = (SWSgC(p - cv,s(/,)% 23)

I=-g+ (cac¢)ﬂ (24)
m

¢ = (J"]:Jz)éyy - j—:ggé + %uz 25)

. J. —J.\ : J. . L.
0= (22" o + g+ =< 2%
( ; )¢y/+]y i+ G 26)
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. R A 1
i = (_J_ - )¢9 o @7)
MY (1) + 0. X(0) + @MY (1) = Oy, (1) (28)

Remark 1: The equations of motion comprise a rigid part (22-27)
and an elastic part (28). The latter has a form similar to that of a
p-many mass spring damper systems, where p is the number of
elastic modes.

C. Transverse Vibrations of Elastic Arms

The equations of motion (see footnote 1)8 governing the elastic
part in Eq. (28) are relatively simple, but the meanings of terms like
M;, 6., @;, and QY] (t) in the overall system are unclear. If we
consider the flexibility of the quadrotor, we can interpret the arms
as thin cantilever beams undergoing transverse vibrations due to the
continuous motion and agile maneuvers of the quadrotor (see Fig. 3).

While much research exists on the modeling of undamped Euler—
Bernoulli beams under different boundary conditions, there are rela-
tively few studies on beams with damping. One approach involves
using the viscoelastic Kelvin—Voigt model as an internal property, as
done by [33,34]. Another approach is to attach a dash pot at the free end
of a cantilever beam to create external damping, as in the models
developed by [35,36]. For simplicity, we use the latter approach and
write the equations of motion for the damped beam shown in Fig. 3 as

Pw(x, 1) ow(x, t)

; rw(x, 1)
O,
or ‘< ot

E.J,
el ot

+pA.

=F(& 1) (29

where E and J . are the Young’s modulus and moment of inertia of the
beam, respectively; p. is the density; A, is the cross-sectional area; o,.
is the damping coefficient of the beam; and F'(x, 7) is the concentrated
thrust force acting at the beam edge. The solution to the homogeneous
part of this equation can be obtained by using Eq. (3), which consists of
the mode shape W;(x) and the generalized displacement coordinates
Y (7). Because the beam is fixed to the moving main rigid body m,, at
one end and carries the rotor mass m, at the other end, the boundary
conditions can be stated as

W(0) =0 (30)
dw(0)
= =0 31)
EW(L,)
Ed.—05="=0 (32)

Ec,Je,0¢, pe, Ac, me

my | w(Le,t)

Fig. 3 An illustration of the elastic quadrotor arm as a cantilever
carrying a rotor.

$© 2021 Institute of Electrical and Electronics Engineers. Reprinted, with
permission, from E. Eraslan and Y. Yildiz, “Modeling and Adaptive Control of
Flexible Quadrotor UAVs,” 2021 60th IEEE Conference on Decision and
Control (CDC), Austin, TX, USA, 2021, pp. 1783-1788.

Pw(L,, 1) _ Pw(L,, 1)

Ede—z =m0,

(33)

Taking F(x, t) = 0, substituting Eq. (5) into Eq. (29), and solving it
together with Egs. (30-33), the transcendental frequency equation [37]
is obtained as

1 - 3 -
! + W - mﬂj(tan ﬁ/ — tanh ﬂ]) =0 (34)

4 /)CAC&)Z-
hi=y EJ. (33)

where /_3_, = f,L. is the solution of Eq. (34), ; is a specific constant
obtained from the separation of Eq. (29) corresponding to the jth
natural frequency @;, and m = m,/m, denotes the ratio of the rotor
mass m, to the mass of the cantilever beam m... For a given jth mode,
we can solve for f ; in Eq. (34) and calculate a corresponding natural
frequency @; in Eq. (35). Following this procedure, we also obtain the
mode shape W ;(x), which can be written as

Wj(f) = J7j
X [(cos/}ji —cosh f;x) — %(Sinﬂji — sinh ﬂji)]
J J
(36)

where 7, is a normalization constant corresponding to the jth mode
(see Appendix A). Having found the mode shapes W;(x) in Eq. (3), it
remains to find the solutions of the generalized displacement coordi-
nates Y;(¢) in Eq. (28). Applying orthogonality conditions (see
Appendix B), it is obtained that

Yi(0) + 6/X;(1) + @3Y;(1) = / B W (X)F(X, 1) d¥ (37
0

where ¢/ = o./(p.A.). It is noted that there is a one-to-one corre-
spondence between Eqgs. (28) and (37). The generalized mass term M ;
in Eq. (28) refers to p.A., which is the mass per unit length. Consid-
ering the right-hand side of Eq. (37) and recalling that F(x, 1) =
F;(1)6(x — L) is aconcentrated thrust force for the kth quadrotor arm,
k= {1,2,3,4}, where §(x) is the Dirac’s delta function, it can be
shown that

/0 W OF(08G - L) df = WLOF()  (38)

Substituting Eq. (38) into Eq. (37), we obtain that

Y (0) + 0 X4(1) + @3 Y(0) = Wi(L)F(D)., j=1.2.....00

(39)
For each arm of the quadrotor, Eq. (39) has infinitely many solutions
corresponding to each ;. We choose to take the first three natural
frequency values; that is, the variable j takes the values of 1, 2, and 3.

The relative displacement wy (X, f) of the arm k at the tip can then be
calculated as

3
WL 1) = WL Y1) (40)
j=1

Using Eq. (40), we define the corresponding elastic states z;;, with k =
{1,2,3,4} and j = {1, 2,3}, as

2k (1) = WH(L)Y,(1) (41)
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Multiplying Eq. (39) with W (L) and using Eq. (41), Eq. (39) can be
rewritten as

(D) + 0l2x (1) + @721 (1) = WL F(1) (42)
This implies that the tip oscillations at each arm k can be modeled as the
summation of solutions of three mass spring damper systems with the

same damping coefficient 5/ but different spring constants @? ;- There-
fore, the elastic states for arm k can be written in a state space form as

2 =AlZb+ Bl F, (43)

where Zﬁ = [Zk1s Zk1+ Zk2> Th2> 23 ikS]T, and

0o 1 0 o0 0 0] o
-0} -6, 0 0 0 0 W3(L.)
0 0 1 0 0 0
Aé: ’ Bz/e:
0 0 -@ -6, 0 0 W3(L,)
0O 0 0 0 0 1 0
0 0 0 0 -&} -o| | WAL, |

44
Finally, the whole elastic state space formulation can be constructed as
Ze = AcZe + B F (45)

where F = [Fy, F,, F3, F4]", and

A, Ogxs Osxs Opxs B}, Oga Ogxr Opxi

_ Osxs  Ae Osxs Ogxs B — Osx1 Bl Osxi Opxi
© 066 O AL O | | Osa Opa Ble O
Osxs Osxs Osxs  Ac Osx1 Osxi Osxi Bie

(46)

Using Eq. (16), the thrust vector can be written in terms of the control
input vector u as F = Ry'u. Substituting this into Eq. (45), defining
B, = BzeR;1 , and introducing an actuator effectiveness matrix A, itis
obtained that

Ze = Aeze + BoAu 47

Remark 2: Because the matrix A, is stable, the subsystem (47) is
bounded-input bounded-states stable. Although this stability result
enables a controller design that is based on rigid-body dynamics, the
designer needs to ensure that control input excitations are not close to
the natural frequencies of the elastic modes, and arm tip oscillations
are minimized. We discuss these issues in Sec. III.

III. Controller Design

The overall closed-loop control system can be analyzed in two
parts, namely, an outer loop and an inner loop. This loop constitutes
the uncertain elastic quadrotor dynamics with a DRCRM adaptive
controller (see Fig. 4). The human operator exists in the outer loop,
where s/he observes the commanded and actual plant states, and
produces areference input for the inner loop. In the following, we first
explain the DRCRM adaptive controller design for two cases: 1)
autonomous flight with a predefined reference input and 2) an
operator controlled flight with a reference input changing in real
time. Then, we provide an overall stability analysis in the presence of
the human operator.

r(t Closed-Loop | ;- (¢)
® Reference | Lm )
Model
e(t)
T Ye(t)
le(t) u(t — 75)
° Adaptive Nonli
i@@» . Cont}r)oller . — (ﬁ]iuilgar —x(t)
O =TgProj(0,0, H) Quadrotor
x(t — 7s) A lu,(t — Ts)
Flexible
Modes
o =)

Fig. 4 Block diagram of the overall control architecture with an oper-
ator delay 7, and input delay z,. The term x(¢ — 7,) refers to delayed
feedback. ©[2021] Institute of Electrical and Electronics Engineers.
Reprinted and updated, with permission, from E. Eraslan and Y. Yildiz,
“Modeling and Adaptive Control of Flexible Quadrotor UAVs,” 60th
IEEE Conference on Decision and Control (CDC), Institute of Electrical
and Electronics Engineers, Austin, TX, 2021, pp. 1783-1788.

A. DRCRM Controller for Predefined Reference Input r(t)
Linearizing the equations of motion in Eqs. (22-27) by using small
angle approximations, we obtain that

x,(t) = Apx, (1) + B,Au(t —7,)
yp(t) = Cp-xp(t) (48)

where x, € R"» comprises the position and the Euler angles varia-
bles and their corresponding derivatives, u € R is the control input,
7, is the input delay, and y, € R is the plant output. Besides, A, €
R">"» is constant and unknown; B » € R is a known constant
matrix, with the assumption that (A, B,) is controllable; and A €
R™>"» is an unknown positive definite matrix representing the
control effectiveness. The evolution of the elastic states is given in
Eq. (47). The control goal of interest is bounded command tracking in
the presence of uncertainties, that is, tracking a reference () € R™.
To achieve tracking, a new state vector e, € R" is defined as the
integral of the tracking error,

%@=f%@—mwe (49)
0

and augmented with Eq. (48), which results in the dynamics

x(t) = Ax(t) + BAu(t — 7,) + B, r(?) (50)

— AP O”/: Xn,, 7 _ B[’ i Bm — 011,,an (5 1)
Cp Onam, 0, xn,, L,

and x(1) = [x,(0)7, e, ()T]" € R"*) is the augmented state vec-

tor with n = n,, + n,,. The goal is to stabilize the plant and track the

output of a stable reference model. Assuming that there exists a K

such that A — BAK; = A,,, where A,, is a stable matrix, substituting
the control input

u(r) = —Kx(1 + 7,) (52)
into Eq. (50), we obtain that
x(1) = A, x(1) + B, r(1) (53)

Although the controller given in Eq. (52) is noncausal, it can be
expressed in a causal form by analytically solving Eq. (50) as
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0
x(t+1,) = eMsx(r) + / e BAu(t + n)dy

—Ts

0
+ f e™B,,r(t + 1, +n)dn (54)

Because K7} is unknown, we use a control input of the form
u(t) = —K;(0)x(t + ;) (55)
and with the help of Eq. (54), we obtain that

u(t) = =Ky (1) [eA’*x(t) + /O e MBAu(t + n)dy

-7,

0
+ / e B, r(t + 7, 4 1) dn] (56)

By defining K.(f) = K ()er™, A,(t,n) = Ky(t)e”BA, and
2.(t,n) = Ky(t)e~*B,,, we rewrite Eq. (56) as

0
u(t) = K, (Hx(0) - / At mus + ) dy

-7,

- / " At 4 7, + ) dy 57)

where the corresponding ideal values for the adaptive parameters are
Ki = Kie™, 25 (n) = Ke™BA, and A% () = Ke="B,,. Substi-
tuting Eq. (57) into Eq. (50), we obtain that

x(t) = A,x(1) = BAIK . (t — 7,)x(t — 7,)

(O
[ A= st =+ ay
(O
+ / j'r(l‘ — Ts» ’7)"(1 + 77) di’]] + er([ - Ts) (58)
where sz([) = Kx(t) - K;ck’ ju(t’ ’7) = )'u(tv 7]) - ﬂ;("])’ and
A(t, ) = A,.(t,n) — A% (n). Defining a reference model as
).Cm(t) = Amxm(t) + er(t - Ts') - Le(t) (59)

where e = x — x,,, the error dynamics can be obtained by subtracting
Eq. (§9) from Eq. (58) as

é(t) = A e(t) — BAIK (1 — 7,)x(t — 1)

0 -
+ / j'u(t - Ty ’7)”(1 -7 + ’7) dl’]

—Ts

+ /0 j,(t — 7, n)r(t +n)dy] + Le(?) (60)

The control parameters are updated using the adaptive laws

K1) = =I'x(t — 7,)e(t)TPB 61)
Ju(t.g) = =T, u(t — 7, + n)e(t)" PB (62)
A(t,n) = =T, r(t + n)e(r)TPB (63)

where I', € R™", T, € R, and I'; € R™" are diagonal pos-
itive definite matrices of adaptive gains and P € R™" is the unique
symmetric positive definite solution of the Lyapunov equation
(A, +L)TP+ P(A,, + L) = —Q, where Q € R™" > 0 is a posi-
tive definite symmetric matrix.

Remark 3: Because in this section we are considering a predefined
reference signal, r(f + n) required in Eq. (63) is available.

To prevent adaptive parameter drifts, we use the projection algo-
rithm [38] as

K1(1) = -T' Proj(K] (1), x(t — 7,)e(1) T PB, H) (64)
Ay(t,n) = =T, Proj(dy (1), u(t — 7, + n)e() T PB,H)  (65)

A1) = =T, Proj(] (), r(t + n)e(t) " PB, H) (66)
where the projection operator is defined as

Proj(®, Y, H) = [Proj(6y, y1, hy) .. . Proj(8,,, yin, I (67)
where © = [0, ...0,,] € RU+DXm Yy = [y, ... y,] € RO+
and H = [hy(6,) ... h,,(8,,))]" € R"*! The vector form of the pro-

jection operator is

Proj(8;,y;, h;)

Vhi(0:)(Vh;(0,)T .
v - '| vj:w;( D yihi(6)  ifhi(0;) >0 AYIVA6)) >0
= J\Yi
yj otherwise
(68)
where i :R"» — Ris aconvex function and VA () = (%219) “e %)T.

Considering the error dynamics (60) and the adaptive control laws
(64-66), it can be shown that the DRCRM controller for a predefined
reference input has bounded solutions for all # > 0. Furthermore, if
the reference model (39) is bounded, then it can be shown that the
tracking error e in Eq. (60) converges to 0. The boundedness of the
reference model is proven in the Sec. IIL.C. Assuming that the
reference model is bounded, we express the stability result of the
DRCRM controller precisely in Theorem III.1. It is noted that, once
the tracking error is derived in a form given in Eq. (60), the proof of
Theorem III.1 follows a similar logic given in [39], in which a simpler
error dynamics without an integral state is used. Therefore, we omit
the proof of this theorem for brevity. .

Theorem IIL1: Given the initial conditions K,(8),1,(8,7),
2,(9.7) and x(9) for 9 € [~z,,0] and u(g) for ¢ € [-2z,,0], there
exists az} such that forall 7, € [0, 7¥] the closed-loop system with the
DRCRM controller, described by Eqs. (50), (57), and (64—66), has
bounded solutions for all ¢ > 0, and lim,_, () = 0.

B. DRCRM Controller for Real-Time Operator Control

For systems with time delay, the method of integrating the tracking
error is not a feasible way to solve the adaptive control problem if the
quadrotor UAV is controlled in real time by an operator; in other
words, if the future of the reference r(¢) cannot be known beforehand
(see Remark 3). Consider the nominal plant dynamics

).Cn (Z) = Anxn (Z) + B[,M(t - T.\‘)
(1) = Cpx, (1) (69)

Implementing the nominal control input
Uy (1) = =g, (t +7,) + @jr(t) (70)
leads to a closed-loop system of the form

X, () = Apx, () + B,,(p;r(t —174)
ya(t) = Cpx, (1) (71)

where A,, = A, — B,@/. Choosing a ¢, linear-quadratic regulator
(LQR) gain such that A,, is Hurwitz, we obtain that
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yu(t) = CL(sI = A,) ™' Bygpjr(t —7) (72)
For a constant r, it is observed that
Yn (t) = _C;Ar_nl Bp(p;irr (73)

Selecting g = —(C}A,'B,) ™! results in lim,_,, (y, (1) = r(1)) = 0.
Then, using the reference model, where state and input matrices are
selected as A,, and B¢, a similar procedure given in [40] can be
implemented to design the adaptive controller. Itis noted that Eq. (70)
is not causal as analogous to the case given in Eq. (52). Following the
same approach, the nominal control input can be obtained in a similar
form to that of Eq. (56) as

0

) = 0| o + [

—Ts

e—A,,”Bpu(t +1) dq] + ga;;r(t)
a4

Considering the uncertain plant dynamics with input delay 7, (48)
and the closed-loop reference model (59), an adaptive control input
U,q, Which has a similar form to that of Eq. (§7) except the integral
term, can be added to the nominal controller such that the overall
control input for DRCRM becomes

u(t) = u, (1) + tyq (1) (75)

where

(D) = T (05, (1) + / " patmutc + )y dn+ gTOr(D) (76)

-7,

with the assumption that ideal DRCRM controller parameters exist
such that A, = A, —B,A¢;" and ¢} = A~'gs. The control
parameters together with the aforementioned projection algorithm
are given as

(.px(t) = _r(pxproj(é);cr(t)v -xp(t - Ts)e(t)TPBw H) (77)
(;01([7 ’7) = —FWPI"O_].((API(I), u(t -7+ n)e(t)TPBn» H) (78)
qbr(t’ 7]) = —erPrOj(&JI(t), r(t - Ts)e(t)TPBn’ H) (79)

where ', , [, , and T, are the corresponding adaptation gains.
Then, using Theorem III.1, the DRCRM controller for real-time
reference signal can be shown to have bounded solutions for all
t >0, and the tracking error converges to 0. It is noted that the
convergence of the tracking error to 0 hinges upon the assumption
that the reference model is bounded, which has not been validated
yet. The boundedness of the reference model together with the
human operator having a reaction time delay is investigated in the
next section.

C. Outer-Loop Dynamics

Pilot models have different utility depending on the specific
application. For instance, a constant gain model is suitable for
investigating pilot-induced oscillations [41], and a gain and a
low-pass-filter model are used to represent the frequency limited
response of humans [42—-44]. In this section, we follow the steps
similar to those given in [45] to analyze overall closed-loop system
stability and employ a linear model with time delay for human
operator dynamics that is general enough to capture the Neal-Smith
criteria and its extensions [46—48]. The pilot model dynamics is
represented as

n(t) = Apn(t) + B (t —71) (80)

r(t) = Cyn(t) + D¢t — 1) (81)

where () € R™ is the human state vector; 7, € R™ is the reaction
delay;and A, € R"™*", B, € R"*" C;, € R"*" and D, € R"*"
are constant matrices. The reference formed by the human operator
is r(t) € R™. The input to the human dynamics is the feedback error
term

{(1) = c(1) — Eyx(1) (82)

where E;, € R"<*" is a constant matrix that allows to choose a subset
of the state x(#), given in Eq. (58), as feedback. Using Egs. (81) and
(82), Egs. (59) and (80) can be rewritten compactly as a single delay
equation as

(1) = Ap(t) + Agu(t — 7)) +11() (83)

where u,(t) £ [x,(£),n" ()]", and

Am Bmch _BmDhEh Onxn,,
An = ) Ad = )
On,,xn Ah _BhEh On,]xrz,]
—Le(t) - B,,DEe(t — 7)) + B, Djc(t — 1)
e) = (34)
—B,Ee(t — 1) + Bjc(t — 1)

Because it is shown that the tracking error e(7) is bounded in the
previous sections and the command c(¢) is bounded, TI(-) is also
bounded.

Theorem II1.2: Consider the dynamics given in Eq. (83). If the real
parts of all the infinitely many roots of the equation

det (s — (A, + Age ™)) =0 (85)

have strictly negative real parts, then y, () € L.

Proof 1: 1f all of the roots of the characteristic equation (85) have
strictly negative real parts, then the homogeneous part of Eq. (83),
given as

() = Aupn (8) + Ay, (t — 7) (86)

is stable. Furthermore, because the forcing term II(-) in Eq. (83)
is bounded, the solution y(f) is bounded. This implies that both
the reference model state x,,(f) and the human state () are
bounded.

Remark 4: The stability analysis of the inner loop is completed in
the previous sections. The boundedness of all system signals are
shown, and it is stated that for the state tracking error to converge to 0
the reference model needs to be bounded. In this section, we prove the
boundedness of the reference model. Therefore, the stability analysis
of the overall closed-loop system is completed.

Remark 5: Theorem II1.2 is proved assuming that the inner-loop
controller, DRCRM, receives a predefined reference input (see
Sec. IILA). The proof for the case where the reference is not prede-
fined (see Sec. III.B) follows the same steps as the previous case and
is therefore omitted for brevity.

Remark 6: Depending on the application, stability limits of the
overall system change based on the roots of Eq. (85). In the
following section, we demonstrate this change for our simulation
example.

IV. Simulations

In this section, a number of simulations are performed in order to
demonstrate the stability and performance characteristics of the
human-in-the-loop control system, consisting of the human operator,
the controller, and the flexible UAV, in the presence of quadrotor
input delay and human reaction delay. In the following, we first
explain the simulation scenario, the controller design details, and
the stability limits of the operator dynamics and then discuss the
simulation results.
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A. Simulation Scenario

In the simulations, the elastic UAV equations of motion introduced
in Eqgs. (22-27) and (47) are used as the plant model. The human
operator model is represented as

Gpi(s) = Kp

T 1
L e~ (87)
s

where K, > 0 and T, > 0 are model constants and z, is the human
operator reaction time delay. This model is consistent with Egs. (80—
82) and with lead/lag-type pilot models used in closed-loop flight
control system analysis [46—48].

An operator controlled flight condition is simulated: the human
operator’s goal is to make the UAV follow a desired altitude com-
mand z,, by producing a corresponding reference input, which is fed
to the controller (see Fig. 4). During this simulation, the rest of the
position and attitude references which are x,, y,, and y, are created
externally. In a simulation of 70 s, two anomalies are injected at
t, = 16 s, which result in loss of control effectiveness of 75% and
50% in the second and third rotors, respectively.

B. Controller Design Details

The baseline controller gain vectors ¢, and ¢, in Eq. (70) are
first calculated based on the nominal plant dynamics. Then, the
elements of this vector is decreased by 20% to introduce additional
uncertainty. For the design of the adaptive controller, three sets of
design parameters need to be determined: adaptation rates, initial
adaptive parameter values, and projection boundaries. An empiri-
cal approach that assumes that the control parameters reach their
ideal values within three time constants is employed to determine
the adaptation rates [49,50]. This method can mathematically be
expressed as

_ el
3,173

0 (88)

where 7, is the smallest time constant of the reference model A,,
and r,, is the maximum value of the reference. Because the ideal
control parameter values are unknown, the nominal ideal values
(calculated using the nominal plant dynamics) are used instead. It
is noted that Eq. (88) is mainly used as a starting point for fine-
tuning the adaptation rates. The initial conditions of all the adaptive
control parameters are set to 0. Finally, the projection boundaries

Stability Regions - three dimensions

1
K
Tp 0 P

2.5

[V}

0.5

are selected by observing the variation of controller parameters
during simulations.

C. Stability Limits

As stated in Theorem I11.2, once the DRCRM adaptive controller
is designed as given in Eqgs. (59) and (67-79), the stability of the
overall system is determined by the roots of the characteristic
polynomial presented in Eq. (85). We use the DDE-BIFTOOL
(delay differential equation bifurcation tool) [51] to find the right-
most root, among infinitely many of them, of this polynomial for the
simulation example. Specifically, we are interested in the effect of
the operator parameters K, and 7', in Eq. (87) on the stability of the
overall system. Figure 5 shows the location of the rightmost root of
the characteristic polynomial (85) for different values of K, and T,
for a fixed human operator reaction time delay 7, = 0.2 s. The red
areas in the figure represent the unstable regions. It can be argued
that the system can be swept into the unstable region for moderately
high values of T,. In addition, the relatively small patch of insta-
bility around K, = 0.6 and T, = 0.07 shows the possibility of
unexpected system behavior due to operator time delays.

D. Simulation Results

The flight simulations have been conducted by a model reference
adaptive controller (MRAC), a closed-loop reference model adaptive
controller (CRM), and a delay-resistant closed-loop reference model
adaptive controller. Overall closed-loop control systems are labeled
as MRAC-H, CRM-H, and DRCRM-H, respectively, where the letter
H represents the presence of a human operator.

Tracking performances of a MRAC-H controller for different
input delays is presented in Fig. 6. It is observed that the position
tracking deteriorates after the injection of the anomaly at7 = 16 s,
and this deterioration becomes unacceptable as the plant time
delay 7, increases beyond 0.10 s, for example, at 7, = 0.18 s.
Figures 7 and 8 show the tracking performances and the control
inputs of MRAC-H, CRM-H, and DRCRM-H configurations for
7, = 0.10 s. The figures show that, although a CRM-H based
configuration provides a substantially more damped response in
comparison to MRAC-H, DRCRM-H outperforms all the control-
lers in terms of position tracking and control energy spending. The
effect of human operator reaction lags and control input delays can
also be observed from the figures as delayed responses to com-
manded inputs.

Overall performance of different configurations, which is defined
by the metric

Stability Regions - two dimensions

3

1
0.8
0.6
0.4
0.2

’ 0
-0.2
-0.4
. -0.6
-0.8

! -1

3 2.5 2 1.5 1 0.5 0

T,

Fig. 5 Variation of rightmost pole location with respect to simultaneous change in K, and/or T,. ©[2021] Institute of Electrical and Electronics
Engineers. Reprinted and updated, with permission, from E. Eraslan and Y. Yildiz, “Modeling and Adaptive Control of Flexible Quadrotor UAVs,” 60th
IEEE Conference on Decision and Control (CDC), Institute of Electrical and Electronics Engineers, Austin, TX, 2021, pp. 1783-1788.
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Fig. 6 The position tracking performance of the MRAC-H configuration for different input delays z,.
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Fig.7 The position tracking performance of the MRAC-H, CRM-H, and DRCRM-H configurations, for 7, = 0.10 s.

M, = mms(e(n))]], (89)

where e(r) is the reference model tracking error, is provided
in Table 1. As expected, the controller based on DRCRM-H
provides better tracking performances. It is noted that the time
interval is taken as the whole simulation time, which results in
small error values. Therefore, percentage improvements, rather
than absolute value differences, should be taken into account for
comparisons.

The arm tip oscillations of the quadrotor for the tracking task
given in Fig. 8 are shown in Fig. 9. MRAC-H configuration is
susceptible to large amplitude oscillations throughout the simu-
lation. While the CRM-H configuration manages to decrease these
oscillations considerably at some regions, it is observed that the
DRCRM-H configurations has the least amount of oscillations by
tackling the time delays effectively, which could be predicted from
the quadrotor trajectories provided in Fig. 7. Figure 10 shows the

fast Fourier transform of arm tip oscillations, where it is seen that
the DRCRM-H configuration produces the least vibration power.

In this study, we assumed that the quadrotor is build using
polyethylene terephthalate glycol material, and using the properties
of this material and Eq. (35), we calculated the first fundamental
frequency as 131 Hz. Figure 11 shows that none of the controller
signals has any significant excitation around this frequency, for the
tracking task given in Fig. 7. The largest control effort is spent for
the thrust channel, where DRCRM-H has the least control energy
consumption.

Variation of the adaptive parameters under the effect of reference
changes and anomalies is presented in Fig. 12. The horizontal dashed
black lines in the subfigures denote the projection boundaries. Yellow
bands are projection tolerance regions. In particular, CRM-H and
DRCRM-H controllers adapt faster without any excessive oscilla-
tions. It is noted that the adaptation rates used in all of the control
configurations are kept the same. Thanks to the projection operator,
all control parameters remain within specified bounds.
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Fig. 8 The control inputs of the MRAC-H, CRM-H, and DRCRM-H configurations, for 7, = 0.10 s.

V. Conclusions

This paper introduces a complete model of a flexible quadrotor
with uncertain dynamics in full detail. In addition, the authors con-
ducted a human-in-the-loop stability analysis of the overall closed-

Table1 The tracking performance
assessment metric for the MRAC-H, CRM-
H, and DRCRM-H configurations

Axes MMRAC—H MCRM—H MDRCRM—H
loop control system, consisting of the flexible UAV model with input
X 5.229 0.002 0.001 . . . .
delay, operator model with reaction time delay, and a delay-resistant
Y 16.059 0.002 0.001 closed-loop reference model adaptive controller. They further elabo-
< 13.133 0209 0.132 rate on the controller design for two different cases: a predefined
4 0.958 0.001 0.000 reference input and real time operation. They demonstrate through

careful comparative simulations, using the high-fidelity model they
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Fig. 9 The arm tip oscillations of the MRAC-H, CRM-H, and DRCRM-H configurations.
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Fig. 12 The evolution of control parameters of the MRAC-H, CRM-H, and DRCRM-H configurations.

develop, that when DRCRM is employed in the presence of a human
operator the resulting combination provides the most desirable per-
formance with minimal oscillations compared to other alternative
adaptive controllers.

Appendix A: Normalization Constant
Let

_ 3. h 3.
py = byt coh (Al
sinf3; + sinh f;
Substituting Eq. (Al) into Eq. (36), we obtain
W (%) = 7,[(cos B;% — cosh f;X) — B} (sin §;% — sinh B,%)] (A2)

The normalization constant y; in Eq. (A2) can be calculated by the
orthogonality of mode shape W;(x) as

L(‘
[ peawicirai =1 (A3)

L, -
[ pCAC;_/%[(cos p;xX — cosh B;%) — f; (sin §;X — sinh ﬂj)_c)]2 dx=1
0

(A4)
Solving Eq. (A4), the normalization constant is obtained as
_ 1 (AS)
Vi= FT—0—
T VpAc.

where

1164]]
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1 - _ _ _ _ _ _
Ye= @[—ﬁjz sin(28)) + p;* sinh(28)) + 47 cos(B;) sinh(B;)

- 4(,372 +1) sin(Bj) cosh(,Bj) + 2,3;‘ cos(ZBj) - 2,3;‘ cosh(2Bj)
+ 8 sin( ;) sinh(B;) + 4B; + sin(28;) + sinh(28))

-4 cos(ﬁj) sinh(ﬁj)] (A6)

Appendix B: Application of Orthogonality Conditions

Recall that the partial differential equations of motion for adamped
Euler—Bernoulli beam is given as

_ > - _
£ w(x, 1) +p.A.a w(x, 1) o, ow(x, 1)

. = F(x
ele o A o ot (x,1)

B

Using Eq. (5) and applying separation of variables, it can be obtained
that

AW (%)

EJ ,—=—
oo dy

Substituting Eq. (B2) into Eq. (B1) and using Eq. (3), it follows
that

PADW (D)X (1) + p AW (DY (1) + 0. W; (D) Y (1) = F(X. 1)
(B3)

Recall that the orthogonality conditions can be written as
L, ~ o
[ reacwiwias =5, (B4)

where 6 is the Kronecker delta. Multiplying Eq. (B3) by W,(x)
and integrating it from O to L., it is obtained that
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o0 LL B B B
> a0 [ pa oW as
=1

+Zi'rj(r)/L' PAW (D)W, (%) dx
=1 0

6. <. L, _ o L. _ _ _
+— ZYj(t)/ pCACWj(x)W,(x)dxzf W (X)F (%, 1) dx
CA(‘ i=1 0 0

(B5)

In view of the orthogonality conditions given by Eq. (B4), it is
obtained that

. . L.
0
where 6. = 0./(p.A.) is a constant.
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