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This paper introduces ananalytical framework for thederivation of distributed-parameter equations ofmotion of a

flexible quadrotor. This approach helps obtain rigid and elastic equations of motion simultaneously, in a decoupled

form, to facilitate the controller design. A delay-resistant low-frequency adaptive controller is employed, which

prevents excessive oscillations due to flexible dynamics, compensates uncertainties, and addresses the inherent time

delay. In addition to this, a delay-dependent stability condition for the overall system dynamics is obtained including

the human operatorwith reaction time delay, the adaptive controller, and the flexible quadrotor dynamics with input

delay. With comparative simulation studies, it is demonstrated that the flexible arm tip oscillations are significantly

reducedwhen the low-frequency delay-resistant closed-loop referencemodel adaptive controller is used, compared to

a closed-loop reference model adaptive controller and a conventional model reference adaptive controller.

Nomenclature

CRM = closed loop reference adaptive contro
CRM-H = closed loop reference adaptive control with the

human pilot mode
DRCRM = delay resistant closed loop reference adaptive

contro
DRCRM-H = delay resistant closed loop reference adaptive

control with human pilot mode
MRAC = model reference adaptive contro
MRAC-H = model reference adaptive control with the human

pilot mode
UAV = unmanned aerial vehicle

I. Introduction

Q UADROTOR unmanned aerial vehicles (UAVs) are conven-
tionally treated as rigid bodies becausemost of the time flexible

dynamics are negligible. However, for quadrotors that are built using
very thin and light materials, flexible dynamics cannot be ignored.
The preference of these materials contributes significantly to quad-
rotor design in terms of 1) lower manufacturing and maintenance
costs, 2) reduced battery consumption, 3) reduced fragility due to
collision forces, and 4) reduced proneness to damages during vertical
landing. Nonetheless, during a flight mission, flexible effects may
introduce excessivevibrations,whichmay result in structural damage
to the UAV body. To be able to conduct a careful analysis for these
vehicles, a rigorous mathematical model of flexible dynamics is
needed.
Research efforts reported in the open literature pertaining to flex-

ible quadrotor UAVs are relatively scarce. In [1], the flexibility of a
quadrotor, upon impact with awall, is formulated as deformation and
reconfiguration of the chassis using a revolute spring and a damper.
In [2], a structural vibration analysis of a typical quadrotor UAV
chassis using experimental and numerical methods is conducted.

This analysis is used to find the lowest vibration regions for electrical
equipment placement. In [3], structural resonance is attributed to the
interference between the excitation frequencies of the propellers
and fundamental frequencies of the UAV structure. A model that
uses radial basis functions is constructed to approximate the depend-
ency of the first fundamental frequency on structural parameters.
This model is used to find the optimum values of the parameters to
prevent excitation interference. It is noted that neither [2] nor [3] con-
tains a dynamical model of the quadrotor UAV that can be employed
for control design or analysis of the close-loop control system.
The flexible quadrotor UAV model developed in this paper dis-

tinguishes itself from the aforementioned earlier studies by providing
a fully distributed dynamical model that can be used for control
design. A distributed modeling approach for aerospace applications
is not new (see [4–7]). In particular, a number of approaches to
flexible fixed-wing aircraft design have been proposed, such as
aerodynamic strip theory on wings [8], bifurcation and continuation
methods [9], nonlinear reduced-order models [10], the intercon-
nected multiple beam structure method [11], and the structural
dynamic modeling method [12]. These studies are also extended to
very flexible fixed-wing UAVs, in other words, that have long
flexible arms [13–15]. However, similar results do not exist for
quadrotor UAVs, and transferring the existing results to quadrotor
UAVs is not a trivial task. In this paper, we introduce an analytical
framework to derive distributed equations of motion of a flexible
quadrotor UAV. The applied method is predicated on Lagrangian
mechanics using the mean-axes theorem. This approach helps obtain
rigid and elastic equations of motion simultaneously, in a decoupled
form, which facilitates the controller design.
After deriving the equations of motion, we address the question of

control. Controlling flexible quadrotor dynamics requires overcom-
ing several challenges. These include uncertainties, proneness to
extensive oscillations due to flexibility, and time delays stemming
from 1) response times of motor drives [16], 2) complicated data
measurements of various sensors [17], 3) data dropout [18], and 4)
problems in communication networks [19]. We adopt the delay-
resistant closed-loop reference model adaptive controller (DRCRM)
[20] to address these issues. We tailor DRCRM for the state acces-
sible case studied in this paper for two specific scenarios. In the first
scenario, the reference command is predefined, whereas a reference
that is changing in real time is considered in the second scenario.
Through extensive comparative simulation studies using the high-
fidelity model developed in this paper, we demonstrate that alter-
native controllers that do not specifically address the mentioned
challenges fail to match the performance of DRCRM. DRCRM
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provides a system responsewith the lowest-frequency and -amplitude
oscillations.
To complete the picture, we derive the stability limits of the overall

closed-loop system, consisting of the human operator with a reaction
time delay, the controller, and the flexible quadrotor with input delay.
Togetherwith the inclusion of the human operator reaction time delay
analysis, we fill an important gap in the literature by proposing an
overall control framework, where a distributed modeling of flexible
quadrotor UAV is developed together with a low-frequency adaptive
control implementation and a human-in-the-loop stability analysis
including reaction time delays. The involvement of human operator
in the overall analysis is especially important to understand thewhole
cyber physical human system [21–24].
A preliminary version of this work is published at 2021 IEEE

Conference on Decision and Control [25]. Different from the
conference version, in this paper, we elucidate themodeling of elastic
quadrotor dynamics in full detail such as the derivation of orthogon-
ality conditions and the derivation of the temporal part of the flexible
dynamics partial differential equations. Furthermore, in the
conference version, a delay-free plant dynamics is assumed, and
the only delay in the system is the human reaction time delay. In this
paper, we remove this assumption by including the inherent time
delay in plant dynamics, the sources of which are given in the
previous paragraphs.
This paper is organized as follows. Section II presents the model-

ing of elastic quadrotor dynamics. The controller design and human-
in-the-loop stability analysis are given in Sec. III. Simulation results
are presented in Sec. IV, and the conclusions are given in Sec. V.

II. Modeling of Elastic Quadrotor Dynamics

We have taken inspiration from the Lagrangian energy-based
approach outlined in [6,8] to develop the distributed equations of
motion for our model. Unlike the models presented in [6,8], our
model takes into account both the energy dissipation effects
described in [26,27] and the flexibility of the quadrotor arms. In this
section, we first provide the background information necessary to
understand the model and then develop the distributed parameter
model itself.

A. Dynamics of Unconstrained Elastic Bodies

In an unconstrained elastic body, the inertial positionRE of a mass
element ρdV where ρ is the density and dV is the infinitesimal
volume can be found by adding its position relative to a noninertial
body-fixed frame G, denoted as RG, and the position of this body

reference frame relative to the inertial frame F , denoted asRF (see
Fig. 1). This can be expressed as

RE � RF �RG (1)

In the rigid-body formulation, the time rate of change of RG is

assumed to be 0 [28,29]. However, this assumption does not hold

for the elastic body formulation [6]. We can express the kinetic and

potential energy terms, denoted as T and U, respectively, using the

time derivative with respect to RF denoted as �d∕dt��:�, the time

derivative with respect to RG denoted as �δ∕δt��:�, and the angular

velocity ω ofRG with respect toRF . This yields

T � 1

2 V

dRF

dt

dRF

dt
� 2

dRF

dt

δRG

δt
� δRG

δt

δRG

δt

� 2
δRG

δt
�ω×RG���ω×RG��ω×RG��2�ω×RG�

dRF

dt
ρdV

(2)

U � −
V
�RF �RG�gρ dV −

1

2 V

δ2RG

δt2
RGρ dV (3)

We can express the position of the mass element ρdV relative to the

body frame G as

RG � �s� w� �x; t� (4)

Here, �s is the constant undeformed length, w� �x; t� is the relative

elastic displacement, and �x is the generalized coordinate on the body
frame. Assuming that the free vibration modes of the elastic body are

known, we can express the relative displacement w� �x; t� in terms of

an infinite number of mode shapes W� �x� and generalized displace-

ment coordinates Υ�t� as

w� �x; t� �
∞

j�1

Wj� �x�ϒj�t� (5)

Using Eq. (5) and applying themean axes theorem [6,30–32], we can

rewrite Eqs. (2) and (3) as

T � 1

2
m
dRF

dt

dRF

dt
� 1

2
ωTIω� 1

2

∞

j�1

Mj
_Υ2
j �t� (6)

U � −mgRF � 1

2

∞

j�1

�ω2
jMjΥ2

j �t� (7)

where the first, second, and third terms in Eq. (6) are translational T t,

rotational T r, and elastic T e kinetic energy terms. On the other hand,

the first and second terms (7) are gravitational Ug and elastic Ue

potential energy terms. The termMj is the generalizedmass term, and

�ωj is the natural frequency corresponding to the jth elastic degree of
freedom.

B. Equations of Motion for Elastic Quadrotor UAV

The elastic quadrotorUAV‡ is composed of three types ofmasses: the

main bodymassmb, armmassmc, and rotormassmr. The totalmass of

the UAVis given bym � mb � 4mc � 4mr, as depicted in Fig. 2. The

positionvector andEuler angles vector for the center ofmass in the body

frame are denoted by ξ � �x; y; z�⊤ ∈ R3 and υ � �ϕ; θ;ψ �⊤ ∈ R3,

respectively. The angular velocity vector of the center of mass in the

inertial frame is ω � �p; q; r�⊤ ∈ R3. The rotation matrix RB ∈ R3×3

that transforms the vectors from G to F is given as

Fig. 1 Position of a mass element with respect to reference frames.

‡© 2021 Institute of Electrical and Electronics Engineers. Reprinted and
updated, with permission, from E. Eraslan and Y. Yildiz, “Modeling and
Adaptive Control of Flexible Quadrotor UAVs,” 60th IEEE Conference on
Decision and Control, Institute of Electrical and Electronics Engineers, Aus-
tin, TX, 2021, pp. 1783-1788.
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RB �
cψcθ cψsθsϕ − sψcϕ cψsθcϕ � sψsϕ
sψcθ sψsθsϕ � cψcϕ sψsθcϕ − cψsϕ
−sθ cθsϕ cθcϕ

(8)

where sυ and cυ denote the sine and cosine of the corresponding Euler
angle, respectively. The thrust force on the kth rotor is given by

Fk � ktΩ2
k (9)

where kt is the thrust factor and Ωk is the angular velocity of the kth
rotor. The total thrust force Fb represented in the body frame G is

Fb �
4

k�1

Fkg3 (10)

where g3 � �0; 0; 1�⊤ is the unit vector that corresponds to the opposite
direction of gravity in the body frame G. Fb represented in the inertial
frame F is given as

Qξ � RBFb (11)

The torques developed due to the rotational velocities of the rotors are
calculated as

τb �
τϕ

τθ

τψ

�
ktLc�Ω2

4 −Ω2
2�

ktLc�Ω2
3 −Ω2

1�
kq�−Ω2

1 �Ω2
2 −Ω2

3 � Ω2
4�

(12)

where kq is the drag factor andLc is the arm length. Gyroscopic torques

are given as

τg � −JrΩg�_υ × g3�;
Ωg � Ω1 − Ω2 � Ω3 −Ω4 (13)

where Jr is the moment of inertia of the rotor andΩg is the gyroscopic

velocity. The total torque Qυ represented in the inertial frame F is
obtained as

Qυ � τb � τg (14)

The control input vector u is taken as

u �

kt kt kt kt

0 −kt 0 kt

−kt 0 kt 0

−kq kq −kq kq

Ω2
1

Ω2
2

Ω2
3

Ω2
4

;

� RΩs
Ωs (15)

where RΩs
is the corresponding constant transformation matrix and

Ωs � �Ω2
1;Ω2

2;Ω2
3;Ω2

4�⊤ is the vector consisting of the squares of rota-

tional velocities. Another useful transformation matrix is the one that

converts the force vector F � �F1; F2; F3; F4�⊤ into the control input
vectoru.MultiplyingΩs withkt anddividing each element ofRΩs

bykt,
it follows from Eq. (15) that

u � k−1t RΩs
F;

� RFF (16)

where RF is the corresponding constant transformation matrix. The
generalized coordinates for the elastic body dynamics is given as

q � �ξ⊤; υ⊤;Υ⊤
j �⊤ ∈ R�p�6�, j � 1; 2; : : : ; p, where p is the number

of elastic degrees of freedom, which is infinite in theory but can be
truncated to a finite number depending on the level ofmodeling fidelity.

In this work, we set p � 3, that is, we take the first three natural
frequency values of the quadrotor arms for the elastic body formulation.

The relation between the rotational velocity vector ω and time rate of
change of the Euler angles vector are expressed as

ω �
−sθ 0 1

cθsψ cψ 0

cθcψ −sψ 0

_υ;

� Rυ _υ (17)

where Rυ is the corresponding transformation matrix. Substituting

Eq. (17) into Eq. (6), it follows that

T �q; _q� � 1

2
m
dRF

dt

dRF

dt
� 1

2
_υ⊤Rυ⊤IRυ _υ� 1

2

∞

j�1

Mj
_ϒ2
j �t� (18)

The Lagrangian consisting of the set of generalized coordinates for the
elastic quadrotor UAV can be expressed as

L�q; _q� � T − U (19)

The friction term is added exogenously to the formulation in terms of a
Rayleigh dissipation function [27] as

D� _q� � 1

2

∞

j�1

σc _ϒ2
j �t� (20)

where the term σc is the damping coefficient term. The Lagrangian
equation is then given as

d

dt

∂L
∂ _qi

−
∂L
∂qi

� ∂D
∂ _qi

� Qi (21)

where i � 1; 2; : : : ; �p� 6� and Qi is the generalized force. Using

Eqs. (18–21), we obtain that

�x � �cψsθcϕ � sψsϕ�
u1
m

(22)

�y � �sψsθcϕ − cψsϕ�
u1
m

(23)

�z � −g� �cθcϕ�
u1
m

(24)

�ϕ � Jy − Jz
Jx

_θ _ψ −
Jr
Jx
Ωg

_θ� Lc

Jx
u2 (25)

�θ � Jz − Jx
Jy

_ϕ _ψ � Jr
Jy
Ωg

_ϕ� Lc

Jy
u3 (26)

Fig. 2 A simplified schematic of the elastic quadrotor UAV. The body-
fixed frame G is drawn slightly above the center of mass to prevent
cluttering the illustration.
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�ψ � Jx − Jy
Jz

_ϕ _θ� 1

Jz
u4 (27)

Mj
�ϒj�t� � σc _ϒj�t� � �ω2

jMjϒj�t� � Qϒj
�t� (28)

Remark 1: The equations of motion comprise a rigid part (22–27)

and an elastic part (28). The latter has a form similar to that of a

p-many mass spring damper systems, where p is the number of

elastic modes.

C. Transverse Vibrations of Elastic Arms

The equations of motion (see footnote 1)§ governing the elastic

part in Eq. (28) are relatively simple, but the meanings of terms like

Mj, σc, �ωj, and QΥj
�t� in the overall system are unclear. If we

consider the flexibility of the quadrotor, we can interpret the arms

as thin cantilever beams undergoing transverse vibrations due to the

continuous motion and agile maneuvers of the quadrotor (see Fig. 3).
While much research exists on the modeling of undamped Euler–

Bernoulli beams under different boundary conditions, there are rela-

tively few studies on beams with damping. One approach involves

using the viscoelastic Kelvin–Voigt model as an internal property, as

done by [33,34].Another approach is to attach a dash pot at the free end

of a cantilever beam to create external damping, as in the models

developed by [35,36]. For simplicity, we use the latter approach and

write the equations of motion for the damped beam shown in Fig. 3 as

EcJc
∂4w� �x; t�

∂ �x4
� ρcAc

∂2w� �x; t�
∂t2

� σc
∂w� �x; t�

∂t
� F� �x; t� (29)

whereEc and Jc are theYoung’smodulus andmoment of inertia of the

beam, respectively; ρc is the density; Ac is the cross-sectional area; σc
is the damping coefficient of the beam; and F� �x; t� is the concentrated
thrust force acting at the beam edge. The solution to the homogeneous

part of this equation can be obtainedby usingEq. (5),which consists of

the mode shape Wj� �x� and the generalized displacement coordinates

Υj�t�. Because the beam is fixed to the moving main rigid bodymb at

one end and carries the rotor mass mr at the other end, the boundary

conditions can be stated as

W�0� � 0 (30)

dW�0�
d �x

� 0 (31)

EcJc
d2W�Lc�

d2 �x
� 0 (32)

EcJc
∂3w�Lc; t�

∂3 �x
� mr

∂2w�Lc; t�
∂2t

(33)

Taking F� �x; t� � 0, substituting Eq. (5) into Eq. (29), and solving it

togetherwithEqs. (30–33), the transcendental frequency equation [37]

is obtained as

1� 1

cos �βj cosh �βj
− �m�βj�tan �βj − tanh �βj� � 0 (34)

βj �
ρcAc �ω

2
j

EcJc

4

(35)

where �βj � βjLc is the solution of Eq. (34), βj is a specific constant
obtained from the separation of Eq. (29) corresponding to the jth
natural frequency �ωj, and �m � mr∕mc denotes the ratio of the rotor

massmr to the mass of the cantilever beammc. For a given jth mode,

we can solve for �βj in Eq. (34) and calculate a corresponding natural

frequency �ωj in Eq. (35). Following this procedure, we also obtain the

mode shapeWj� �x�, which can be written as

Wj� �x� � �γj

× �cos βj �x − cosh βj �x� −
cos �βj � cosh �βj
sin �βj � sinh �βj

�sin βj �x − sinh βj �x�

(36)

where �γj is a normalization constant corresponding to the jth mode

(see Appendix A). Having found the mode shapesWj� �x� in Eq. (5), it
remains to find the solutions of the generalized displacement coordi-

nates ϒj�t� in Eq. (28). Applying orthogonality conditions (see

Appendix B), it is obtained that

�ϒj�t� � σ 0
c
_ϒj�t� � �ω2

jϒj�t� �
Lc

0

Wj� �x�F� �x; t� d �x (37)

where σ 0
c � σc∕�ρcAc�. It is noted that there is a one-to-one corre-

spondence between Eqs. (28) and (37). The generalizedmass termMj

in Eq. (28) refers to ρcAc, which is the mass per unit length. Consid-

ering the right-hand side of Eq. (37) and recalling that Fk� �x; t� �
Fk�t�δ� �x − Lc� is a concentrated thrust force for thekth quadrotor arm,

k � f1; 2; 3; 4g, where δ� �x� is the Dirac’s delta function, it can be

shown that

Lc

0

Wj� �x�Fk�t�δ� �x − Lc� d �x � Wj�Lc�Fk�t� (38)

Substituting Eq. (38) into Eq. (37), we obtain that

�ϒkj�t� � σ 0
c
_ϒkj�t� � �ω2

kjϒkj�t� � Wj�Lc�Fk�t�; j � 1; 2; : : : ;∞
(39)

For each arm of the quadrotor, Eq. (39) has infinitely many solutions

corresponding to each �ωj. We choose to take the first three natural

frequency values; that is, the variable j takes the values of 1, 2, and 3.
The relative displacement wk� �x; t� of the arm k at the tip can then be

calculated as

wk�Lc; t� �
3

j�1

Wj�Lc�ϒkj�t� (40)

UsingEq. (40),wedefine the corresponding elastic states zkj, withk �
f1; 2; 3; 4g and j � f1; 2; 3g, as

zkj�t� � Wj�Lc�ϒkj�t� (41)

Fig. 3 An illustration of the elastic quadrotor arm as a cantilever
carrying a rotor.

§© 2021 Institute of Electrical and Electronics Engineers. Reprinted, with
permission, fromE. Eraslan andY.Yildiz, “Modeling andAdaptiveControl of
Flexible Quadrotor UAVs,” 2021 60th IEEE Conference on Decision and
Control (CDC), Austin, TX, USA, 2021, pp. 1783-1788.
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Multiplying Eq. (39) withWj�Lc� and using Eq. (41), Eq. (39) can be
rewritten as

�zkj�t� � σ 0
c _zkj�t� � �ω2

kjzkj�t� � W2
j �Lc�Fk�t� (42)

This implies that the tip oscillations at each armk canbemodeled as the

summation of solutions of three mass spring damper systems with the

same damping coefficient σ 0
c but different spring constants �ω

2
kj. There-

fore, the elastic states for arm k can be written in a state space form as

_zke � A 0
ez

k
e � B 0

zeFk (43)

where zke � �zk1; _zk1; zk2; _zk2; zk3; _zk3�⊤, and

A 0
e �

0 1 0 0 0 0

− �ω2
1 −σ 0

c 0 0 0 0

0 0 0 1 0 0

0 0 − �ω2
2 −σ 0

c 0 0

0 0 0 0 0 1

0 0 0 0 − �ω2
3 −σ 0

c

; B 0
ze �

0

W2
1�Lc�
0

W2
2�Lc�
0

W2
3�Lc�

(44)

Finally, thewhole elastic state space formulation can be constructed as

_ze � Aeze � BzeF (45)

where F � �F1; F2; F3; F4�⊤, and

Ae �

A 0
e 06×6 06×6 06×6

06×6 A 0
e 06×6 06×6

06×6 06×6 A 0
e 06×6

06×6 06×6 06×6 A 0
e

; Bze �

B 0
ze 06×1 06×1 06×1

06×1 B 0
ze 06×1 06×1

06×1 06×1 B 0
ze 06×1

06×1 06×1 06×1 B 0
ze

(46)

Using Eq. (16), the thrust vector can be written in terms of the control

input vector u as F � R−1
F u. Substituting this into Eq. (45), defining

Be � BzeR
−1
F , and introducing an actuator effectiveness matrixΛ, it is

obtained that

_ze � Aeze � BeΛu (47)

Remark 2: Because the matrix Ae is stable, the subsystem (47) is

bounded-input bounded-states stable. Although this stability result

enables a controller design that is based on rigid-body dynamics, the

designer needs to ensure that control input excitations are not close to

the natural frequencies of the elastic modes, and arm tip oscillations

are minimized. We discuss these issues in Sec. III.

III. Controller Design

The overall closed-loop control system can be analyzed in two

parts, namely, an outer loop and an inner loop. This loop constitutes

the uncertain elastic quadrotor dynamics with a DRCRM adaptive

controller (see Fig. 4). The human operator exists in the outer loop,

where s/he observes the commanded and actual plant states, and

produces a reference input for the inner loop. In the following,we first

explain the DRCRM adaptive controller design for two cases: 1)

autonomous flight with a predefined reference input and 2) an

operator controlled flight with a reference input changing in real

time. Then, we provide an overall stability analysis in the presence of

the human operator.

A. DRCRM Controller for Predefined Reference Input r�t�
Linearizing the equations ofmotion in Eqs. (22–27) by using small

angle approximations, we obtain that

_xp�t� � Apxp�t� � BpΛu�t − τs�
yp�t� � Cpxp�t� (48)

where xp ∈ Rnp comprises the position and the Euler angles varia-

bles and their corresponding derivatives,u ∈ Rnm is the control input,

τs is the input delay, and yp ∈ Rnr is the plant output. Besides, Ap ∈
Rnp×np is constant and unknown; Bp ∈ Rnp×nm is a known constant

matrix, with the assumption that �Ap; Bp� is controllable; and Λ ∈
Rnm×nm is an unknown positive definite matrix representing the

control effectiveness. The evolution of the elastic states is given in

Eq. (47). The control goal of interest is bounded command tracking in

the presence of uncertainties, that is, tracking a reference r�t� ∈ Rnr .

To achieve tracking, a new state vector ep ∈ Rnr is defined as the

integral of the tracking error,

ep�t� �
t

0

�yp�ε� − r�ε�� dε (49)

and augmented with Eq. (48), which results in the dynamics

_x�t� � Ax�t� � BΛu�t − τs� � Bmr�t� (50)

where

A �
Ap 0np×nm

Cp 0nm×nm
; B �

Bp

0nm×nm
; Bm �

0np×nr

−Inr×nr
(51)

and x�t� � �xp�t�T; ep�t�T �T ∈ R�np�nm� is the augmented state vec-

tor with n � np � nm. The goal is to stabilize the plant and track the
output of a stable reference model. Assuming that there exists a K�

d

such that A − BΛK�
d � Am, where Am is a stable matrix, substituting

the control input

u�t� � −K�
dx�t� τs� (52)

into Eq. (50), we obtain that

_x�t� � Amx�t� � Bmr�t� (53)

Although the controller given in Eq. (52) is noncausal, it can be

expressed in a causal form by analytically solving Eq. (50) as

Fig. 4 Block diagram of the overall control architecture with an oper-
ator delay τh and input delay τs. The term x�t − τs� refers to delayed
feedback. ©[2021] Institute of Electrical and Electronics Engineers.
Reprinted and updated, with permission, from E. Eraslan and Y. Yildiz,

“Modeling and Adaptive Control of Flexible Quadrotor UAVs,” 60th
IEEE Conference on Decision and Control (CDC), Institute of Electrical
and Electronics Engineers, Austin, TX, 2021, pp. 1783-1788.
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x�t� τs� � eAτs x�t� �
0

−τs
e−AηBΛu�t� η� dη

�
0

−τs
e−AηBmr�t� τs � η� dη (54)

Because K�
d is unknown, we use a control input of the form

u�t� � −Kd�t�x�t� τs� (55)

and with the help of Eq. (54), we obtain that

u�t� � −Kd�t� eAτs x�t� �
0

−τs
e−AηBΛu�t� η� dη

�
0

−τs
e−AηBmr�t� τs � η� dη (56)

By defining Kx�t� � Kd�t�eAτs , λu�t; η� � Kd�t�e−AηBΛ, and

λr�t; η� � Kd�t�e−AηBm, we rewrite Eq. (56) as

u�t� � −Kx�t�x�t� −
0

−τs
λu�t; η�u�t� η� dη

−
0

−τs
λr�t; η�r�t� τs � η� dη (57)

where the corresponding ideal values for the adaptive parameters are

K�
x � K�

de
Aτs , λ�u�η� � K�

de
−AηBΛ, and λ�r �η� � K�

de
−AηBm. Substi-

tuting Eq. (57) into Eq. (50), we obtain that

_x�t� � Amx�t� − BΛ� ~Kx�t − τs�x�t − τs�

�
0

−τs

~λu�t − τs; η�u�t − τs � η� dη

�
0

−τs

~λr�t − τs; η�r�t� η� dη� � Bmr�t − τs� (58)

where ~Kx�t� � Kx�t� − K�
x , ~λu�t; η� � λu�t; η� − λ�u�η�, and

~λr�t; η� � λr�t; η� − λ�r �η�. Defining a reference model as

_xm�t� � Amxm�t� � Bmr�t − τs� − Le�t� (59)

where e � x − xm, the error dynamics can be obtained by subtracting

Eq. (59) from Eq. (58) as

_e�t� � Ame�t� − BΛ� ~Kx�t − τs�x�t − τs�

�
0

−τs

~λu�t − τs; η�u�t − τs � η� dη

�
0

−τs

~λr�t − τs; η�r�t� η� dη� � Le�t� (60)

The control parameters are updated using the adaptive laws

_K⊤
x �t� � −Γxx�t − τs�e�t�⊤PB (61)

_λ⊤u �t; η� � −Γλuu�t − τs � η�e�t�⊤PB (62)

_λ⊤r �t; η� � −Γλr r�t� η�e�t�⊤PB (63)

where Γx ∈ Rn×n, Γλu ∈ Rn×nm , and Γλr ∈ Rn×nr are diagonal pos-

itive definite matrices of adaptive gains and P ∈ Rn×n is the unique

symmetric positive definite solution of the Lyapunov equation

�Am � L�⊤P� P�Am � L� � −Q, where Q ∈ Rn×n > 0 is a posi-

tive definite symmetric matrix.
Remark 3:Because in this section we are considering a predefined

reference signal, r�t� η� required in Eq. (63) is available.

To prevent adaptive parameter drifts, we use the projection algo-

rithm [38] as

_K⊤
x �t� � −ΓxProj�K̂⊤

x �t�; x�t − τs�e�t�⊤PB;H� (64)

_λ⊤u �t; η� � −ΓλuProj�λ̂⊤u �t�; u�t − τs � η�e�t�⊤PB;H� (65)

_λ⊤r �t; η� � −ΓλrProj�λ̂⊤r �t�; r�t� η�e�t�⊤PB;H� (66)

where the projection operator is defined as

Proj�Θ; Y;H� � �Proj�θ1; y1; h1� : : : Proj�θm; ym; hm�� (67)

where Θ � �θ1 : : : θm� ∈ R�ns�n�×nm , Y � �y1 : : : ym� ∈ R�ns�n�×nm ,
andH � �h1�θ1� : : : hm�θm��⊤ ∈ Rnm×1 . The vector form of the pro-

jection operator is

Proj�θj; yj; hj�

�
yj −

∇hj�θj��∇hj�θj��⊤
∇hj�θj�

2 yjhj�θj� if hj�θj� > 0 ∧ y⊤j ∇hj�θj� > 0

yj otherwise

(68)

whereh∶Rnm → R is a convex function and∇h�θ�� ∂h�θ�
∂θ1

···
∂h�θ�
∂θnm

⊤
.

Considering the error dynamics (60) and the adaptive control laws

(64–66), it can be shown that the DRCRM controller for a predefined

reference input has bounded solutions for all t ≥ 0. Furthermore, if

the reference model (59) is bounded, then it can be shown that the

tracking error e in Eq. (60) converges to 0. The boundedness of the

reference model is proven in the Sec. III.C. Assuming that the

reference model is bounded, we express the stability result of the

DRCRM controller precisely in Theorem III.1. It is noted that, once

the tracking error is derived in a form given in Eq. (60), the proof of

Theorem III.1 follows a similar logic given in [39], inwhich a simpler

error dynamics without an integral state is used. Therefore, we omit

the proof of this theorem for brevity.
Theorem III.1: Given the initial conditions ~Kx�ϑ�; ~λu�ϑ; η�;

~λr�ϑ; η� and x�ϑ� for ϑ ∈ �−τs; 0� and u�ϱ� for ϱ ∈ �−2τs; 0�, there
exists a τ�s such that for all τs ∈ �0; τ�s � the closed-loop systemwith the

DRCRM controller, described by Eqs. (50), (57), and (64–66), has

bounded solutions for all t ≥ 0, and limt→∞e�t� � 0.

B. DRCRM Controller for Real-Time Operator Control

For systemswith time delay, themethod of integrating the tracking

error is not a feasible way to solve the adaptive control problem if the

quadrotor UAV is controlled in real time by an operator; in other

words, if the future of the reference r�t� cannot be known beforehand
(see Remark 3). Consider the nominal plant dynamics

_xn�t� � Anxn�t� � Bpu�t − τs�
yn�t� � C⊤

pxn�t� (69)

Implementing the nominal control input

un�t� � −φ⊤
α xn�t� τs� � φ⊤

β r�t� (70)

leads to a closed-loop system of the form

_xn�t� � Amxn�t� � Bpφ
⊤
β r�t − τs�

yn�t� � C⊤
pxn�t� (71)

where Am � An − Bpφ
⊤
α . Choosing a φ⊤

α linear-quadratic regulator

(LQR) gain such that Am is Hurwitz, we obtain that
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yn�t� � C⊤
p�sI − Am�−1Bpφ

⊤
β r�t − τs� (72)

For a constant r, it is observed that

yn�t� � −C⊤
pA

−1
m Bpφ

⊤
β r (73)

Selecting φ⊤
β �−�C⊤

pA
−1
m Bp�−1 results in limt→∞�yp�t� − r�t�� � 0.

Then, using the reference model, where state and input matrices are
selected as Am and Bpφβ, a similar procedure given in [40] can be

implemented to design the adaptive controller. It is noted that Eq. (70)
is not causal as analogous to the case given in Eq. (52). Following the
same approach, the nominal control input can be obtained in a similar

form to that of Eq. (56) as

un�t� � −φ⊤
α eAnτs x�t� �

0

−τs
e−AnηBpu�t� η� dη � φ⊤

β r�t�

(74)

Considering the uncertain plant dynamics with input delay τs (48)
and the closed-loop reference model (59), an adaptive control input

uad, which has a similar form to that of Eq. (57) except the integral
term, can be added to the nominal controller such that the overall
control input for DRCRM becomes

u�t� � un�t� � uad�t� (75)

where

uad�t� � φ⊤
x �t�xp�t� �

0

−τs
φλ�t; η�u�t� η� dη� φ⊤

r �t�r�t� (76)

with the assumption that ideal DRCRM controller parameters exist

such that Am � Ap − BnΛφ�⊤
α and φ�⊤

r � Λ−1φβ. The control

parameters together with the aforementioned projection algorithm

are given as

_φx�t� � −Γφx
Proj�φ̂⊤

x �t�; xp�t − τs�e�t�⊤PBn;H� (77)

_φλ�t; η� � −Γφλ
Proj�φ̂⊤

λ �t�; u�t − τs � η�e�t�⊤PBn;H� (78)

_φr�t; η� � −Γφr
Proj�φ̂⊤

r �t�; r�t − τs�e�t�⊤PBn;H� (79)

where Γφx
, Γφλ

, and Γφr
are the corresponding adaptation gains.

Then, using Theorem III.1, the DRCRM controller for real-time

reference signal can be shown to have bounded solutions for all
t ≥ 0, and the tracking error converges to 0. It is noted that the
convergence of the tracking error to 0 hinges upon the assumption

that the reference model is bounded, which has not been validated
yet. The boundedness of the reference model together with the
human operator having a reaction time delay is investigated in the

next section.

C. Outer-Loop Dynamics

Pilot models have different utility depending on the specific

application. For instance, a constant gain model is suitable for
investigating pilot-induced oscillations [41], and a gain and a
low-pass-filter model are used to represent the frequency limited

response of humans [42–44]. In this section, we follow the steps
similar to those given in [45] to analyze overall closed-loop system
stability and employ a linear model with time delay for human

operator dynamics that is general enough to capture the Neal–Smith
criteria and its extensions [46–48]. The pilot model dynamics is

represented as

_η�t� � Ahη�t� � Bhζ�t − τh� (80)

r�t� � Chη�t� �Dhζ�t − τh� (81)

where η�t� ∈ Rnη is the human state vector; τh ∈ R� is the reaction

delay; andAh ∈ Rnη×nη ; Bh ∈ Rnη×nc ; Ch ∈ Rnr×nη andDh ∈ Rnr×nc

are constant matrices. The reference formed by the human operator

is r�t� ∈ Rnr . The input to the human dynamics is the feedback error

term

ζ�t� � c�t� − Ehx�t� (82)

whereEh ∈ Rnc×n is a constant matrix that allows to choose a subset

of the state x�t�, given in Eq. (58), as feedback. Using Eqs. (81) and
(82), Eqs. (59) and (80) can be rewritten compactly as a single delay

equation as

_μ�t� � Anμ�t� �Adμ�t − τh� � Π�⋅� (83)

where μh�t� ≜ �x⊤m�t�; η⊤�t��⊤, and

An �
Am BmCh

0nη×n Ah

; Ad �
−BmDhEh 0n×nη

−BhEh 0nη×nη
;

Π�⋅� �
−Le�t� − BmDhEhe�t − τh� � BmDhc�t − τh�

−BhEhe�t − τh� � Bhc�t − τh�
(84)

Because it is shown that the tracking error e�t� is bounded in the

previous sections and the command c�t� is bounded, Π�⋅� is also
bounded.
Theorem III.2:Consider the dynamics given in Eq. (83). If the real

parts of all the infinitely many roots of the equation

det �sI − �An �Ade
−τhs�� � 0 (85)

have strictly negative real parts, then μh�t� ∈ L∞.
Proof 1: If all of the roots of the characteristic equation (85) have

strictly negative real parts, then the homogeneous part of Eq. (83),

given as

_μh�t� � Anμh�t� �Adμh�t − τh� (86)

is stable. Furthermore, because the forcing term Π�⋅� in Eq. (83)

is bounded, the solution μ�t� is bounded. This implies that both

the reference model state xm�t� and the human state η�t� are

bounded. □

Remark 4: The stability analysis of the inner loop is completed in

the previous sections. The boundedness of all system signals are

shown, and it is stated that for the state tracking error to converge to 0

the referencemodel needs to be bounded. In this section,we prove the

boundedness of the reference model. Therefore, the stability analysis

of the overall closed-loop system is completed.
Remark 5: Theorem III.2 is proved assuming that the inner-loop

controller, DRCRM, receives a predefined reference input (see

Sec. III.A). The proof for the case where the reference is not prede-

fined (see Sec. III.B) follows the same steps as the previous case and

is therefore omitted for brevity.
Remark 6: Depending on the application, stability limits of the

overall system change based on the roots of Eq. (85). In the

following section, we demonstrate this change for our simulation

example.

IV. Simulations

In this section, a number of simulations are performed in order to

demonstrate the stability and performance characteristics of the

human-in-the-loop control system, consisting of the human operator,

the controller, and the flexible UAV, in the presence of quadrotor

input delay and human reaction delay. In the following, we first

explain the simulation scenario, the controller design details, and

the stability limits of the operator dynamics and then discuss the

simulation results.
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A. Simulation Scenario

In the simulations, the elastic UAVequations of motion introduced

in Eqs. (22–27) and (47) are used as the plant model. The human

operator model is represented as

GPI�s� � Kp

Tps� 1

s
e−τhs (87)

where Kp > 0 and Tp > 0 are model constants and τh is the human

operator reaction time delay. This model is consistent with Eqs. (80–

82) and with lead/lag-type pilot models used in closed-loop flight

control system analysis [46–48].
An operator controlled flight condition is simulated: the human

operator’s goal is to make the UAV follow a desired altitude com-

mand zd, by producing a corresponding reference input, which is fed
to the controller (see Fig. 4). During this simulation, the rest of the

position and attitude references which are xd, yd, and ψd are created

externally. In a simulation of 70 s, two anomalies are injected at

ta � 16 s, which result in loss of control effectiveness of 75% and

50% in the second and third rotors, respectively.

B. Controller Design Details

The baseline controller gain vectors ϕα and ϕβ in Eq. (70) are

first calculated based on the nominal plant dynamics. Then, the

elements of this vector is decreased by 20% to introduce additional

uncertainty. For the design of the adaptive controller, three sets of

design parameters need to be determined: adaptation rates, initial

adaptive parameter values, and projection boundaries. An empiri-

cal approach that assumes that the control parameters reach their

ideal values within three time constants is employed to determine

the adaptation rates [49,50]. This method can mathematically be

expressed as

ΓΘii
� kΘik

3τmjr2mj
(88)

where τm is the smallest time constant of the reference model Am

and rm is the maximum value of the reference. Because the ideal

control parameter values are unknown, the nominal ideal values

(calculated using the nominal plant dynamics) are used instead. It

is noted that Eq. (88) is mainly used as a starting point for fine-

tuning the adaptation rates. The initial conditions of all the adaptive

control parameters are set to 0. Finally, the projection boundaries

are selected by observing the variation of controller parameters

during simulations.

C. Stability Limits

As stated in Theorem III.2, once the DRCRM adaptive controller

is designed as given in Eqs. (59) and (67–79), the stability of the

overall system is determined by the roots of the characteristic

polynomial presented in Eq. (85). We use the DDE-BIFTOOL

(delay differential equation bifurcation tool) [51] to find the right-

most root, among infinitelymany of them, of this polynomial for the

simulation example. Specifically, we are interested in the effect of

the operator parametersKp and Tp in Eq. (87) on the stability of the

overall system. Figure 5 shows the location of the rightmost root of

the characteristic polynomial (85) for different values of Kp and Tp

for a fixed human operator reaction time delay τh � 0.2 s. The red
areas in the figure represent the unstable regions. It can be argued

that the system can be swept into the unstable region for moderately

high values of Tp. In addition, the relatively small patch of insta-

bility around Kp � 0.6 and Tp � 0.07 shows the possibility of

unexpected system behavior due to operator time delays.

D. Simulation Results

The flight simulations have been conducted by a model reference

adaptive controller (MRAC), a closed-loop reference model adaptive

controller (CRM), and a delay-resistant closed-loop reference model

adaptive controller. Overall closed-loop control systems are labeled

asMRAC-H, CRM-H, andDRCRM-H, respectively, where the letter

H represents the presence of a human operator.

Tracking performances of a MRAC-H controller for different

input delays is presented in Fig. 6. It is observed that the position

tracking deteriorates after the injection of the anomaly at t � 16 s,
and this deterioration becomes unacceptable as the plant time

delay τs increases beyond 0.10 s, for example, at τs � 0.18 s.
Figures 7 and 8 show the tracking performances and the control

inputs of MRAC-H, CRM-H, and DRCRM-H configurations for

τs � 0.10 s. The figures show that, although a CRM-H based

configuration provides a substantially more damped response in

comparison to MRAC-H, DRCRM-H outperforms all the control-

lers in terms of position tracking and control energy spending. The

effect of human operator reaction lags and control input delays can

also be observed from the figures as delayed responses to com-

manded inputs.

Overall performance of different configurations, which is defined

by the metric

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Fig. 5 Variation of rightmost pole location with respect to simultaneous change in Kp and/or Tp. ©[2021] Institute of Electrical and Electronics
Engineers. Reprinted and updated, with permission, fromE. Eraslan and Y. Yildiz, “Modeling andAdaptive Control of Flexible Quadrotor UAVs,” 60th
IEEE Conference on Decision and Control (CDC), Institute of Electrical and Electronics Engineers, Austin, TX, 2021, pp. 1783–1788.
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Me � rms�e�t��jTta (89)

where e�t� is the reference model tracking error, is provided

in Table 1. As expected, the controller based on DRCRM-H

provides better tracking performances. It is noted that the time

interval is taken as the whole simulation time, which results in

small error values. Therefore, percentage improvements, rather

than absolute value differences, should be taken into account for

comparisons.
The arm tip oscillations of the quadrotor for the tracking task

given in Fig. 8 are shown in Fig. 9. MRAC-H configuration is

susceptible to large amplitude oscillations throughout the simu-

lation.While the CRM-H configurationmanages to decrease these

oscillations considerably at some regions, it is observed that the

DRCRM-H configurations has the least amount of oscillations by

tackling the time delays effectively, which could be predicted from

the quadrotor trajectories provided in Fig. 7. Figure 10 shows the

fast Fourier transform of arm tip oscillations, where it is seen that
the DRCRM-H configuration produces the least vibration power.
In this study, we assumed that the quadrotor is build using

polyethylene terephthalate glycol material, and using the properties
of this material and Eq. (35), we calculated the first fundamental
frequency as 131 Hz. Figure 11 shows that none of the controller
signals has any significant excitation around this frequency, for the
tracking task given in Fig. 7. The largest control effort is spent for
the thrust channel, where DRCRM-H has the least control energy
consumption.
Variation of the adaptive parameters under the effect of reference

changes and anomalies is presented in Fig. 12. The horizontal dashed
black lines in the subfigures denote the projection boundaries. Yellow
bands are projection tolerance regions. In particular, CRM-H and
DRCRM-H controllers adapt faster without any excessive oscilla-
tions. It is noted that the adaptation rates used in all of the control
configurations are kept the same. Thanks to the projection operator,
all control parameters remain within specified bounds.

Fig. 6 The position tracking performance of the MRAC-H configuration for different input delays τs.

Fig. 7 The position tracking performance of the MRAC-H, CRM-H, and DRCRM-H configurations, for τs � 0.10 s.
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V. Conclusions

This paper introduces a complete model of a flexible quadrotor

with uncertain dynamics in full detail. In addition, the authors con-

ducted a human-in-the-loop stability analysis of the overall closed-

loop control system, consisting of the flexible UAVmodel with input

delay, operator model with reaction time delay, and a delay-resistant

closed-loop reference model adaptive controller. They further elabo-

rate on the controller design for two different cases: a predefined

reference input and real time operation. They demonstrate through

careful comparative simulations, using the high-fidelity model they

Fig. 8 The control inputs of the MRAC-H, CRM-H, and DRCRM-H configurations, for τs � 0.10 s.

Table 1 The tracking performance
assessmentmetric for theMRAC-H,CRM-

H, and DRCRM-H configurations

Axes MMRAC−H
e MCRM−H

e MDRCRM−H
e

x 5.229 0.002 0.001

y 16.059 0.002 0.001

z 13.133 0.209 0.132

ψ 0.958 0.001 0.000

Fig. 9 The arm tip oscillations of the MRAC-H, CRM-H, and DRCRM-H configurations.
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Fig. 10 The fast Fourier transform of the arm tip oscillations of the MRAC-H, CRM-H, and DRCRM-H configurations.

Fig. 11 The fast Fourier transform of the control inputs of the MRAC-H, CRM-H, and DRCRM-H configurations.
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develop, that when DRCRM is employed in the presence of a human

operator the resulting combination provides the most desirable per-

formance with minimal oscillations compared to other alternative

adaptive controllers.

Appendix A: Normalization Constant

Let

�β�j � cos �βj � cosh �βj
sin �βj � sinh �βj

(A1)

Substituting Eq. (A1) into Eq. (36), we obtain

Wj� �x� � �γj��cos βj �x − cosh βj �x� − �β�j �sin βj �x − sinh βj �x�� (A2)

The normalization constant �γj in Eq. (A2) can be calculated by the

orthogonality of mode shape Wj� �x� as

Lc

0

ρcAcW
2
j � �x� d �x � 1 (A3)

Lc

0

ρcAc �γ
2
j ��cos βj �x − cosh βj �x� − �β�j �sin βj �x − sinh βj �x��2 d �x � 1

(A4)

Solving Eq. (A4), the normalization constant is obtained as

�γj �
1

ρcAcγc
p (A5)

where

γc �
1

4β
�−�β�2j sin�2�βj� � �β�2j sinh�2�βj� � 4�β�2j cos� �βj� sinh� �βj�

− 4� �β�2j � 1� sin� �βj� cosh� �βj� � 2�β�j cos�2�βj�− 2�β�j cosh�2�βj�
� 8�β�j sin� �βj� sinh� �βj� � 4�βj � sin�2�βj� � sinh�2�βj�
− 4 cos� �βj� sinh� �βj�� (A6)

Appendix B: Application of Orthogonality Conditions

Recall that the partial differential equations ofmotion for a damped

Euler–Bernoulli beam is given as

EcJc
∂4w� �x; t�

∂ �x4
� ρcAc

∂2w� �x; t�
∂t2

� σc
∂w� �x; t�

∂t
� F� �x; t� (B1)

Using Eq. (5) and applying separation of variables, it can be obtained

that

EcJc
d4Wj� �x�

d �x4
� ρcAc �ω

2
jWj� �x� (B2)

Substituting Eq. (B2) into Eq. (B1) and using Eq. (5), it follows

that

ρcAc �ω
2
jWj� �x�Υj�t� � ρcAcWj� �x� �Υj�t� � σcWj� �x� _Υj�t� � F� �x; t�

(B3)

Recall that the orthogonality conditions can be written as

Lc

0

ρcAcWj� �x�Wl� �x� d �x � δjl (B4)

where δjl is the Kronecker delta. Multiplying Eq. (B3) by Wl� �x�
and integrating it from 0 to Lc, it is obtained that

Fig. 12 The evolution of control parameters of the MRAC-H, CRM-H, and DRCRM-H configurations.
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∞

j�1

�ω2
jϒj�t�

Lc

0

ρcAcWj� �x�Wl� �x�d �x

�
∞

j�1

�ϒj�t�
Lc

0

ρcAcWj� �x�Wl� �x�d �x

� σc
ρcAc

∞

j�1

_ϒj�t�
Lc

0

ρcAcWj� �x�Wl� �x�d �x�
Lc

0

Wl� �x�F� �x; t�d�x

(B5)

In view of the orthogonality conditions given by Eq. (B4), it is
obtained that

�ϒj�t� � σ 0
c
_ϒj�t� � �ω2

jϒj�t� �
Lc

0

Wj� �x�F� �x; t� d �x (B6)

where σ 0
c � σc∕�ρcAc� is a constant.
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