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ABSTRACT

In this study, we propose a novel adaptive control architecture that provides dramatically better transient response performance

compared to conventional adaptive control methods. This is accomplished by the synergistic employment of a traditional adaptive

neural network (ANN) controller and a long short-term memory (LSTM) network. LSTM structures can take advantage of the
dependencies in an input sequence, which can help predict uncertainty. We introduce a training approach through which the
LSTM network learns to compensate for the deficiencies of the ANN controller. This improves the transient response of the system
and allows the controller to quickly react to unexpected events. Through careful simulation studies, we demonstrate that this

architecture improves the estimation accuracy on a diverse set of uncertainties. We also provide an analysis of the contributions

of the ANN controller and the LSTM network, identifying their roles in compensating low- and high-frequency error dynamics.

This analysis provides insight into why and how the LSTM augmentation improves the system’s transient response. The stability

of the overall system is analyzed via a rigorous Lyapunov analysis.

1 | Introduction

The work of Narendra and Parthasarathy [1] in 1990 lays the
foundations for using neural networks (NNs) to approximate non-
linear functions in the context of adaptive control and identifica-
tion. Numerous subsequent studies have lead to well-established
adaptive neural network (ANN) techniques. Initial efforts involve
using linearly parameterized NNs, such as radial basis function
NNs, allowing for a tractable Lyapunov analysis to update only
the outer NN weights online [2-6]. As hidden-layer weights are
maintained fixed, these approaches require prior selection of suit-
able basis functions or preliminary off-line hidden-layer tuning.
These issues are addressed in the work of Lewis et al. [7], where

an ANN with tunable hidden-layer weights is proposed for a gen-
eral serial robot manipulator. By adjusting the hidden layer, the
NN becomes nonlinear in its tunable weights, resulting in a sig-
nificantly more complex problem, which is revisited by Patkar
and Annaswamy [8] for a single hidden layer ANN, and by Patil
et al. [9] for a deep ANN.

The performance of these nonlinear adaptive controllers is highly
dependent on their transient response. In particular, mitigating
unsafe transients, such as those caused by sudden system failures,
is crucial for ensuring their safe implementation. A standard
approach to addressing this issue is by simply increasing the
learning rates to enhance adaptation speed. However, this can
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lead to undesirable high-frequency oscillations in the control sig-
nal. Alternatively, recent efforts have been directed toward using
more sophisticated NN architectures. One method that utilizes
external memory to enhance the performance of an ANN con-
troller is proposed by Muthirayan and Khargonekar [10], which is
inspired by neural turing machines (NTMs) [11]. However, unlike
the common practice in NTMs, a feed-forward network is used
instead of a recurrent neural network (RNN). RNNs are known
for their ability to process sequential data due to their internal
memory, and they have been successfully applied in various fields
[12-14]. A variant of RNNs is known as long short-term memory
(LSTM) networks. Unlike traditional RNNs, LSTM networks can
learn and retain information over extended time intervals [15].
They demonstrate success in various tasks and are able to solve
several problems that remain impossible to solve using any other
RNN architecture [16].

In this work, we propose an ANN control architecture that relies
on the employment of an LSTM network to dramatically enhance
the controller’s performance. In particular, we develop a synergis-
tic approach, where the long-term learning capabilities of LSTM
networks are brought to the system to aid against the deficien-
cies of the acting adaptive controller, significantly improving the
transient response. While the proposed approach is indifferent
to various adaptive control methods, we adopt the ANN given in
Lewis et al. [7] as the acting adaptive controller, since it allows for
a general uncertainty structure and has led to successful imple-
mentation results [17-19]. The LSTM is trained in a closed-loop
setting to predict and compensate for the ANN’s error in approx-
imating the nonlinear uncertainties, which leads to an overall
improved performance. LSTM’s training is performed through
recursive simulations on a small set of predefined uncertain-
ties, which, despite its smallness, enables the LSTM to generalize
effectively with unseen uncertainties. The stability of the pro-
posed approach is analyzed through a Lyapunov analysis. Finally,
the effectiveness of the proposed architecture is demonstrated
through detailed simulation studies.

The article is tailored for a generic multi-input multi-output
(MIMO) dynamical system, for which a modification in the ANN
controller developed by Lewis et al. [7] is necessary to maintain
the same stability characteristics. Therefore, a subsidiary con-
tribution of this article is a modified robustifying term, which
extends the results in the work of Lewis et al. [7] for MIMO
dynamical systems.

There exist other employments of LSTM networks in the con-
text of adaptive control in the literature. Wen et al. [20] used an
LSTM network for the control of a single-axis hydraulic shaking
table, where some of the LSTM weights are updated online, while
the remaining weights are tuned offline. An approach where all
weights of an LSTM controller are updated online is proposed by
Griffis et al. [21] for Euler-Lagrange systems. Unlike the work
by Wen et al. [20], the proposed architecture is developed for
generic MIMO dynamics in the form of (1) rather than a spe-
cific application. Additionally, we provide a systematic method
to train the LSTM network offline such that it enhances the
transients of the active adaptive controller. The proposed offline
training technique enables the LSTM network to generalize effec-
tively with unseen uncertainties despite being trained on a small
set of uncertainties. There are several advantages of using an

offline-trained neural network integrated with an online learn-
ing method. The system can take advantage of both without
increasing the complexity of the controller. Specifically, while
the adaptive control theory provides stability, the LSTM network
enables a fast response to the changes in the system by learn-
ing the dynamics during training. However, using only an online
learning-based method leads to longer adaptation times, as the
system must adapt from scratch without prior knowledge of the
dynamics. It is noted that the proposed method is developed to
complement the performance of an active adaptive controller,
which can be implemented in (1) a simple linearly parameter-
ized form [22], (2) a feedforward neural network form [8, 23], or
(3) an LSTM network form [21], depending on the plant uncer-
tainty and the tolerable level of complexity in the controller
structure.

To summarize, the contribution of this article is a novel con-
trol architecture where an LSTM network is used to enhance
the transient performance of the active adaptive control element.
We provide a systematic method in which the LSTM is trained
through recursive simulations to complement the adaptive con-
troller, yielding an overall improved performance. Preliminary
versions of this work are partially published in earlier conference
articles [24, 25], with human-in-the-loop evaluations. This article
presents the theoretical development with a rigorous stability
analysis and detailed simulation scenarios. Therefore, signifi-
cantly enhanced theoretical and simulation results are provided
in this work compared to earlier reports.

The article is organized as follows: in Section 2, we describe the
formulation of the ANN controller. In Section 3, the proposed
LSTM augmentation and the training method are explained. Sim-
ulation results are given in Section 4, and a summary is given in
Section 5.

2 | Problem Formulation

Consider the following plant dynamics

x,(1) = A,x, (1) + B,u(t) + f(x,(1)) (1a)
¥, = C) x,(1) (1b)

where x,(f) € R" is the measurable state vector, u(r) € R" is
the plant control input, A, € R"*"» is a known system matrix,
f(x,(0) 1 R — R™ is a state-dependent, possibly nonlinear,
matched uncertainty, which is continuous on a known compact
set, B, € R"*™ is a known control input matrix, C, € R™*S is a
known output matrix, and y,(#) € R® is the plant output. Further-
more, it is assumed that the pair (A,, B, is controllable.

Remark 1. The proposed method also applies for an unknown
system matrix: Suppose that the plant dynamics are given by

X,(1) = A,x,(0) + B,(u(®) + £,(x,(1))) 2)

where A, € R"*" is an unknown system matrix and Sfu(x, (@) is
a state-dependent, possibly nonlinear, matched uncertainty. The
dynamics (2) can be written in the form of (1) and for a known
matrix A, by defining f(x,(t)) 4 K, x,®) + f,(x,(1), given that
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the matching condition A, = A, — B K, is satisfied for some
feedback gain K, € R"™». This allows us to proceed assuming
A, is known, without loss of generality.

To achieve command following of a reference input r(¢) € R*, a
state x, () € R* is defined as

X (1) = r(1) — y,(1) (3)
which, when augmented with (1), yields

Xx(t) = Ax(t) + B, r(t) + B(u(t) + f(xp(t))) (4a)
y() = C"x(1) (4b)
where x(1) £ [x,(1)", x,()"]" € R" is the augmented state, whose

dimension is n £ n,+s, and the system matrices A, B,,, Band C
are

A, O
A A PT ",,XS:| e R"™n (Sa)
- Cp Osxx
Bm é |:On,,><s:| e R"XS, B é |: Bp :| = Rnxm (Sb)
Is)(s 0A‘><m
T
c [CPT om] € R™ (50)

A baseline state feedback controller is designed as

uy (1) = —Kx(t) (6)

where K € R™" is selected such that A,, £ A — BK is Hurwitz.
Then, a reference model is defined as

x, (1) = A,x,() + B,r) (7)
where x,,(f) € R” is the state vector of the reference model.

By defining the state tracking error as
e(t) 2 x(t) = x,,(1) (®)

the adaptive control objective is to make e(#) converge to zero
while keeping all system signals bounded, with smooth transient
behavior. To achieve this, we use the control input

u(®) = uy () + uyg(t) + g, (1) 9)

where u,,(7) is the baseline controller (6) that achieves reference
model matching (7) in the absence of uncertainty, u,, () is an
adaptive neural-network (ANN) controller designed to compen-
sate for the matched uncertainty f(x,(t)), and u;,,() is the output
of an LSTM network.

The LSTM is trained to improve the transient performance of the
ANN controller. Toward that end, we start by designing a suitable
u,y(t) to compensate for the matched uncertainty f(x,(7)), for
which there exist several approaches subject to different assump-
tions on the prior knowledge about the matched uncertainty
f(x, () [22,26-28].

2.1 | Adaptive Neural Network Controller

The ANN control approach revolves around generating an
estimate of the unknown function f(x,(#)) [7, 17-19, 23, 29].
We provide the basics in this section that are needed for the
description of the main contribution of this article, given in the
next section. Here, we also discuss a modification to the original
work [7].

Assumption 1. The unknown matched uncertainty
f&x,@®) R — R", in (1), is continuous on a known com-
pact set S, = {x,(®) : |Ix,(0|l < b,} C R", where b, is a known
positive constant.

Assumption 1 implies that f(x,(#)) can be approximated by a neu-
ral network (NN) [7] as

&, 0) = WTaVTX,(1) + e(x, (1)) (10)

such that

e, <ey.  Vx,() €S, 11
where W and V are the NN weight matrices, concatenated with
the bias vectors.

Remark 2. Assumption 1 does NOT assume that the states X,
of the system in (1) always stay in S, a priori. It simply states that
when x, isin .S, then the premise of the assumption holds. In the
stability analysis in the sequel, this is further explained in detail.

The input to the NN is given as X ,(¢) e [xp(t)T l]T € R™»*!, and
the output of the hidden layer is 5(V"x,(1)) £ [o(VTX,(1)) 1]T 1S
R™*1, The nonlinear activation function ¢(.) : R" — R™ can
be either sigmoid or tanh, where n, is the number of hid-
den neurons. Furthermore, &(x,()) is unknown but bounded
by a known constant ey >0 in the domain of interest
S, CR"™.

For convenience, we drop the overbar and write (10) as
F,0) = WTa(V T x, (1) + £(x, (1)) (12)

where the dimensions of the weight matrices are loosely defined
as W e R and V € R">".

Assumption 2. W and V are bounded by known positive
constants such that ||[W || < W), and ||V ]| < V).

The ANN controller u,,(¢) in (9) is designed to compensate for
f(x,(1)), and is expressed as,

Ugg (1) = = f(x, (1) + v(t) (13)

where f (x,(1)) represents an estimate of f(x,(1)), and v(?) is a
robustifying term, which is discussed in detail in the next sub-
section. Using (12), we define 7 (x,(1) as

FGx,0) = W 0e (P (1)x,(10) 14
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where V(1) € R and W () € R"*" are estimates of the
unknown ideal weights ¥ and W, respectively. The weights are
updated using the adaptive laws [7]

W = F(6 -6V x,)e" PB— Fx|le| W (152)

V = Gx,e" PBW'8' - Grllel|V (15b)

where F € R"™*" and G € R"*"» are symmetric positive definite
matrices, serving as learning rates, x > 0 is a scalar gain, and 6’
and 6 are defined as

1 a do(2)

6 = T 5
dz 1z=V" x,@0

5260 (1)x,(1) (16)

Furthermore, P € R"™" is the symmetric positive definite solu-
tion of the Lyapunov equation

ATP+ PA,=-0 17)

for some symmetric positive definite matrix Q0 € R™".

2.2 | Robustifying Term

Using the baseline controller (6) and the ANN controller (13) is
sufficient to solve the adaptive control problem, as demonstrated
in the work of Lewis et al. [7] for nonlinear robot arm dynam-
ics. However, for the generic multi-input multi-output (MIMO)
dynamical system (1), a difficulty arises due to the control input
matrix B. A subsidiary contribution of this article is a modified
robustifying term v(¢) to address this difficulty, which achieves
the same stability results given in Lewis et al. [7], but for generic
MIMO systems in the form of (1).

The robustifying term, v(¢) is used to provide robustness against
disturbances that arise from the high-order Taylor series terms.
For the considered MIMO plant dynamics (1), we propose a mod-
ified robustifying term as

if || BT Pe|| = 0
(18)

otherwise

0,
U(t)z T pe A
{— kel 21 + Z ),

[|BT Pe|| "%

LSTM
- Controller

Uy, (1)
(Y u()

ANN

with
k,>C, (19)

where e(r) is the state-tracking error given in (8), Z@) is
defined in (A19) in the Appendix, Z,, = /W2 + V2 (see
Assumption 2), B is the input matrix in (1), and P is the
solution of (17). Furthermore, C, = 2C, Zy, where C, is a
known upper bound for the absolute value of the sigmoid or
tanh activation function derivatives, that is, ||6’(.)|| < C,,, where
6'(z) =do(z)/dz.

As shown in the Appendix, the robustifying term is key to
establishing the main stability result of the overall architecture
provided in the sequel (see Theorem 1). The following section
introduces the main focus of this article.

3 | LSTM Network Design

In this section, we precisely define the separate roles of LSTM and
ANN in the closed-loop system. Figure 1 illustrates the overall
control architecture.

An LSTM block is shown in Figure 2, where the input e/, is the
normalized version of the sequence e¢”, which is generated from
e(t) defined in (8) as " = e(nT), where T > 0 is the LSTM sam-
pling time, and »n denotes the current time step. The superscript
n — 1 denotes the previous time step. Furthermore, 2" € RN: is
the hidden state, and ¢" € R is the cell state, where N, is the
number of hidden units in the LSTM network.

In addition to the input sequence e/ ., LSTM uses its previous
hidden state A"~! to 1) update the cell state through the outputs
of a forget gate out';, an input gate out!, and a cell candidate ¢ as

"= out; O+ out] © e (20)

and 2) update the hidden state through the updated cell state and
the output of an output gate out” as

h" = out) ® c,(c") (21)

S

1§ Controller

(1)

Baseline
. Controller

—-0

e

FIGURE1 | Block diagram of the proposed control architecture.
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outf out] G outy

T A T N

kForget Gate )k Input Gate )k{,‘ell CandidatdLOutput Gate )
i I 1 t

hn—l

n
€norm

FIGURE 2 | Detailed sketch of an LSTM block.

These gate operations are applied using the activation functions
o,(.) and o.(.), which denote sigmoid and tanh, respectively,
and suitable weights {R,, W, b}, {R.,, W, b.}, {R;, W}, b;}, and
{R,,W,,b,}, as shown below.

(a) Forget Gate: The forget gate determines the relevant informa-
tion that the cell state ¢” should retain from its previous time step,
as indicated by the first term in (20). The output is calculated as

out; = Gg(er:orm + th’kl + bf) (22)
(b) Input Gate and Cell Candidate: The flow of information into
the cell state (see the second term in (20)) is given by a cell can-
didate ¢” as

—n _ n
¢ = O-C(W/Cenorm

+ R.A"H+b,) (23)
and is controlled by the output of the input gate

n __ n n—1

out! =o,(Wie, .+ Rh" +Db) (24)

(c) Output Gate: The output gate determines how much of the

cell state is going to be used as the hidden state for the next time
step (see 21), the output of which is defined as

— -1

out, = c,(Wyer +R,h"" +b,) (25)

Finally, to formulate the output sequence of the LSTM network,

the hidden state is fed to a fully connected layer yielding an

m—dimensional output that matches the dimension of the control
input as

Wl =W h"+b,, (26)

where W, and b, are the parameters of the fully connected
layer. Then, the control input u,,,,(?) is constructed as

Uym® =u),, for nT <t<@m+DT, n=0,12,... (27)

3.1 | Training Method

The LSTM network is trained to predict and compensate for the
estimation error of the ANN controller defined by the deviation
of the ANN controller input, f (x,(1) (see (13)), from the actual
uncertainty, f(x,(1)), which is given as

Fx,(0) & f(x,(0) = f(x,0)) (28)

LSTM weights are
initialized and ki,
is set to zero

System is
simulated

eandyare
obtained

LSTM
weights are
updated

k/stm is
increased

FIGURE3 | Flow chart of the training process.

The “truth” for the LSTM, or the desired signal for the LSTM to
produce, is selected as

y(1) = =f(x,(1) (29)

Therefore, LSTM provides a signal to the system that is an esti-
mate of this truth, expressed as

Uy (1) = J(0) (30)

During training, an uncertainty f,,,;,(x,(?)) is introduced to the
closed-loop system, and LSTM is expected to learn f,,;,(x,(1)) =
Firain(x,(1) = f(x,(1)), where — f(x,(1)) is an estimate generated
by the ANN to cancel the uncertainty (see (13)). Apart from
7 rain(X,()), LSTM uses the state-tracking error e(7), defined in
(8), as its input (see Figure 1). Every iteration of training affects
the sequence that the LSTM is trained on. This dynamic nature of
training helps the LSTM generalize to a set of functions that are
not used in the training set.

Figure 3. explains the training process of the LSTM network.
First, LSTM weights are initialized, and training data (e(?), y(¢))
are generated through numerical simulations. After LSTM
weights are updated, the training data are recollected from simu-
lations using the updated weights. This is necessary since LSTM
is used in a close-loop setting: updating LSTM weights affects its
output, which in turn alters the evolution of its input. To avoid
an untrained LSTM network output from negatively affecting the
system’s response at the beginning of training, LSTM output u,,,
is scaled by a gain “k,,,,”. k;,, is initiated from 0 and approaches
1 as the number of training iterations increases, then stays at 1 for
the rest of the training.

3.2 | Normalization

Before training, the components of the LSTM network input e”
(see Figure 2) are normalized. For collecting the normalization
parameters only, the simulation is run with f,,,, (see explana-
tions after (30)) for z number of times. A gain is uniformly sam-
pled from [0, 1] in every simulation run to scale f;,,;,. Within the
collected data, the minimum and the maximum values of each
component of the error vector, e;"i” and "™, are utilized to obtain
the normalized input parameters as

e =(e -
norm; i

i) /(e — ey (31

It

where “i” is used to refer to the vector’s i’

component.
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3.3 | Stability Analysis
The next theorem outlines the overall architecture’s stability
properties, with the proof deferred to the Appendix.

Theorem 1. Consider the uncertain plant dynamics (1), sub-
ject to Assumptions 1 and 2, and the reference model (7). Let the
control input be defined by (9), which consists of the baseline con-
troller (6), the ANN controller defined by (13), (14) and (15), the
robustifying term given in (18) and (19), and the LSTM controller
given in (22-30). Furthermore, let the Lyapunov matrix Q in (17)
be selected such that

qu + 4q,

30, -G,) (32)

Amin(Q)

and let b, >C,, where qy2 |B"P|p(Cy+ilyy,) ¢ 2
CiI|BTP||p/x + Zy, x is the scalar gain used in (15), b, is
defined in Assumption 1, and C,, C,, C,,, and i,,,, are defined
in the Appendix. Then, given that x,(0) € S, (see Assumption
1), the solution (e(t), W (1), V (t)) is uniformly ultimately bounded
(UUB) [30] and converges to a predefined compact set, where
VORV -V®and W) 2 W - W ().

It should be noted that the condition in (32) is not guaranteed to
be satisfied by simply increasing Q. This is because, according to
the Lyapunov equation (17), increasing Q leads to an increased
P, which implies higher values ¢, and g,. One solution is using
the pair (y Py, yQ, = yI), which satisfies (17) for any scalar y > 0.
A suitable y can then be found to satisfy (32): Substituting this
pair to (32), yields

by +(c—a)y+d<0 (33)

where b2 C}||BTRy||2/x, ¢£2C,||B"Py|lpZy + 4B Byl 5
(Co + lygy), a = 2(b, — C,), and d = k¢ Z2,. The condition (33) is
in a quadratic form, for which there exists a positive real y > 0 if
and only if a > \/4bd + c.

Remark 3. The proposed LSTM augmentation scheme can
also be applied to a standard adaptive controller without using
an NN, where the matched uncertainty f(x,(r)) in (1) is assumed
to be linearly parameterized. For completeness, we provide
the details of the LSTM augmentation with a standard adap-
tive control architecture and a stability result (Theorem 2) in
Appendix C.

4 | Simulations

In this section, the effectiveness of the proposed framework is
elucidated for the control of the short-period longitudinal flight
dynamics, which, for a B-747 aircraft flying at a speed of 274 m/s
and a 6000 m altitude, are given as [10]

@ —-0.32 0.86 a —0.02
| = + W+ f(x,) (G4
g -0.93 —0.43| |4 -1.16
where « is the angle of attack (rad), ¢ is the pitch rate (rad/s),
u is the elevator deflection (rad), x, 2(q, ¢17, and f (x,) is a

state dependent matched uncertainty. The control objective is
to achieve pitch rate tracking. Furthermore, elevator magni-
tude and rate saturation limits are set as +17/ — 23 (deg) and
+37/ — 37 (deg/s) [31]. To put the dynamics in the form of (4),
we define the augmented state as x(7) 2 [x;(t), x,(t), x;()I7,
where x; = « (rad), x, = ¢ (rad/s) and x5 is the error-integral
state (3).

The input to the LSTM network is in) == eﬁarml ezurmz e:orm3] T’
where e:‘wrml s e:‘wrmz, and e:‘wrm3 are the components of the normal-
ized version of the state tracking error vector (31). The baseline
controller (6) is an LQR controller with cost matrices Q; o = 1
and R; g =1. The LSTM network is trained in the presence
of an ANN controller (see Section 2.1) with a hidden layer of
n, = 4 neurons. The learning rates in (15a) and (15b) are set as
F = G =10, and the Lyapunov matrix Q in (17) issetas O = I.
The outer weights W and bias b, are initialized from zero. The
inner weights ¥ and biases b, are initialized randomly between
0 and 1. The LSTM network contains one hidden layer with
N, =128 neurons. The number of neurons in the input layer is
3 due to the number of state-tracking error components given as
the input to the network. The LSTM weights are initialized using
Xavier Initialization [32]. The network is trained with stochas-
tic gradient descent and uses the Adam optimizer with the gra-
dient clipping method with a threshold value of 1. The simula-
tion step time is set to 0.01 s, and the minibatch size is taken as
1. To obtain the normalization constants given in (31), the sys-
tem is simulated 1000 times (z = 1000, see Section 3.2). The loss
function is chosen as L(y, ) = %Zlo(y — )%, where y and j are
defined in (29) and (30), and N is the number of data in the
data set.

Below, we investigate two scenarios where we show simula-
tion results in the presence of (1) a generic nonlinear uncer-
tainty f(x,(1)) thatsatisfies the conditions given in Assumption 1,
and 2 an uncertainty representation that has the structure
given in (12).

41 | Scenariol

The nonlinear uncertainty, f,.,, (see explanations after 30), that
the LSTM network (26) is trained on, and the test uncertainty,
Jrest> that the proposed control framework is tested on are defined
respectively as

0.1x,x, ifo<r<s
exp(x,) if 5<t<10
2x1x, if10 <t <15
—0.1cos(x;) if 15<1<20
0.5(x; — x3) if20<r<25
ftruin(xp) = .
0.1x, x, if 25 <1 <30
— X1 X,(sin(5x; x,) + 5sin(x,)) if 30 <7< 35
X1%,(38in(2x,x,) + 2x,) if35<t<45
— X, X,(2(tan(2x, x,) + x3) if45<t <55
X1X5(x) + X5) if 55 <t <60
(35)
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0 ifo<tr<2
—0.1exp(x;x,) if2<t<8

0.5x2 if8<r<12
0.05exp(x; + 2x,) if12<r<20

Froa) =1 - 0.1251n(03.05x1x2) %f 20<t<28 (36)

0.1(x7 +x3) if28 <t <34
—0.1|cos(x,)| if 34 <t <40
—0.2sin(x,x,) if 40 <1 < 49
0.1(x;x,)? if49 <r <53

0.5x, if 53 <1 <60

where (36) is chosen to have different types of subfunctions with
different time intervals, compared to (35). To cover both low- and
high-valued uncertainties, f,,,;, is scaled by a parameter that took
the alternating values of 0.2 and 2 during training. Furthermore,
the robustifying term v(¢) in (13) is taken to be zero [7, 10]. There
are mainly two reasons for this. The first reason is that satis-
factory control performance is obtained without the help of this
term, and therefore, omitting the term makes the implementation
simpler. Secondly, the implementation requires the calculation of
Z,, in (18), which requires the upper bounds on the ideal NN
weights. Although this can be achieved, it may also complicate
the implementation. One way to achieve this, for example, is by
training an additional NN to approximate probable uncertain-
ties and using upper bounds that bound the upper limits of the
trained NN weights.

41.1 | Controller Performance With Small
Uncertainty

In this section, the effect of the proposed LSTM augmentation is
examined using f,,,, but with a scaling factor of 0.1.

Figures 4 and 5 show the state-tracking and tracking-error curves,
respectively. While the error plots demonstrate that LSTM aug-
mentation dramatically reduces both the error magnitudes and
the transient oscillations, the error values are small enough to be
ignored compared to the absolute values of the states. Therefore,
one can conclude that in this scenario, LSTM-augmented and
non-augmented cases show similar performances. In Figure 6,
the control inputs are presented. This figure shows that although
LSTM augmentation does not affect the magnitude of the total
control input in a meaningful manner, it provides damping to
the oscillations by providing small but agile compensation for
uncertainties.

41.2 | Controller Performance With Large
Uncertainty

In this section, the effect of the proposed LSTM augmenta-
tion is examined using f,,,, in (36), without a scaling factor.
Figures 7 and 8 demonstrate that LSTM augmentation substan-
tially improves the transient response of the system, especially in
pitch rate tracking, which is the output of interest. It is noted that
for this case, the same ANN controller and the LSTM network are
used as in the small uncertainty case. Individual control inputs

20.0
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<00 ]
& ,l/ with LSTM augmentation
/ without LSTM augmentation
/ reference model states
0.04£ ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60
6.0 N ————— R A A e
= el
~
@400 [ ]
2 |
L i
=200 f
|
0.0 4 s s s s s
0 10 20 30 40 50 60

Time (s)

FIGURE4 | Tracking performances with and without LSTM aug-
mentation, in the presence of small uncertainty.
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0.10 ‘ ‘ ‘ ‘ ‘ ]
: ﬂ
%ﬁ 0.00 pHl UAJ hs U’\‘fvvﬂv H — Uﬂgt\r-
S u
0.10} | | | | | ]
0 0 2 30 4 50 60

FIGURES5 | Tracking errors with and without LSTM augmentation,
in the presence of small uncertainty.

are shown in Figure 9. In this case, unlike the low-uncertainty
case, the LSTM augmentation makes the total control signal
observably more responsive, which is the main reason why exces-
sive oscillations are prevented.

4.1.3 | Addressing Saturation

It is seen, for example, at the zoomed version of the top subfigure
of Figure 9, that the total control input is experiencing rate satu-
ration at certain times. Although this did not cause any severe
detrimental effects, it is advisable to address rate-saturation to
create safe and reliable control systems. To handle the saturation
issue, we modified LSTM training by (a) introducing the satura-
tion limits to the plant dynamics during training and (b) inform-
ing the LSTM network whenever the control signal rate saturates.
The latter is achieved by providing additional input to the LSTM
network as
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FIGURE 6 | Control inputs in the presence of small uncertainty. Top: total control input. Middle: the contributions of individual control inputs

without the LSTM. Bottom: the contributions of individual control inputs with the LSTM.
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FIGURE7 | Tracking performances with and without LSTM aug-
mentation, in the presence of large uncertainty.

0.1, if rate saturation is positive,
u,(t)=4-0.1,
0, otherwise

if rate saturation is negative, (37)

The number of neurons in the input layer of the LSTM network
is increased to 4 since the modified input to the LSTM network
becomes

inlsrm(t) = [enorml (t) enarmz(t) enorm3 (t) ur(t)]T (38)

T I T T
with LSTM augmentation
without LSTM augmentation

0 10 20 30 40 50 60

FIGURE 8 | Tracking errors with and without LSTM augmentation,
in the presence of large uncertainty.

Figure 10 shows the LSTM network contribution and the total
control inputs, with and without rate-limit information during
training. The LSTM network uses the rate-limit information to
provide a smoother compensation. Figs. 11 and 12 show the track-
ing error and tracking curves, respectively, when the LSTM net-
work is trained using the rate-limit information. It is seen that the
performance of the proposed controller remains similar for the
case when LSTM is not trained using this information, although
the pitch rate shows small deviations at the instances of uncer-
tainty switches.
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FIGURE 12 | Trackingperformanceswith LSTM trained withoutrate
information and rate-limit-informed LSTM.

4.2 | Scenario 2

In this section, the uncertainty f(x,(r)) in (1) is introduced in the
form of (12), where the weight matrices, W and V, are generated
in a uniformly random manner within the range of [—0.05, 0.05]
for both training and test functions at specified time intervals
as in (35) and (36). The NN reconstruction error vector e(x (1))
is defined for the training function and testing function respec-
tively as,

0.1cos(||x,I)? ifo<t<5
= 0.1cos(||x, 1) if5<r<10
0.1sin(]|x,|I) if10<t<15
0.1sin(||x,|I)? if15<7<20
- 0.1sin(|x, 1) %f 20<t<25 (39)
0.1cos([|x,1) if25<1<30
0.1sin(||x,|I)? if 30 <1< 35
—0.1cos(||x,|) if35<r<45
0.1sin(]|x,,|I) if45 <t <55
—0.1sin(l|x,)*  if55<1<60
(0.1sin(||x, |1)? ifo<r<2
0.1cos(||x, ) if2<r<8
0.1cos(]|x,|)? if8<t<12
0.1sin(||x, ) if12<7<20
€ty = | 0.1s1n('||x,,||) ?f 20 <t <28 40)
- 0.1sin(||x,|1)*  if28<r<34
0.1cos(||x, I if 34 <t <40
—0.1cos(llx,l)*  if40 <7 <49
0.1sin(|x, 1) if49 <t <53
0.1cos(]|x, ) if 53 <1 <60

The reconstruction error, which is represented by (39) and (40),
is the second term of the uncertainty representation in (12).
This term is dramatically smaller compared to the first term in
(12). Therefore, the requirement that the test and the training
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FIGURE 13 | Tracking performances with and without LSTM aug-
mentation, in the presence of small uncertainty.
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FIGURE 14 | Tracking error with and without LSTM augmentation,
in the presence of small uncertainty.

uncertainties must be different is ensured mainly by selecting the
weight matrices V and W differently, which is satisfied by sam-
pling them uniformly randomly within a given range. This is why
it is sufficient to assign different time intervals to similar terms in
(39) and (40).

As discussed in the previous subsection, omitting the implemen-
tation of the robustifying term in (13) simplifies the process. How-
ever, in the case of an explicit uncertainty representation (12),
the implementation of the robustifying term becomes straight-
forward, since no additional NN training is required. For (33), we
use weight-clipping at the range [+0.4] to obtain &,,,,, and choose
C,, = 0.4 (see the Appendix). Then, y = 1,k = 1, and b, = 84 sat-
isfies (33).

4.2.1 | Controller Performance With Small
Uncertainty

This section analyzes the impact of the proposed LSTM augmen-
tation in the presence of small-valued uncertainties, obtained by
scaling the test uncertainty by 0.1.
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FIGURE16 | Tracking performances with and without LSTM aug-
mentation, in the presence of high uncertainty.

The tracking and tracking-error curves are given in Figures 13
and 14, respectively. The results reveal that the LSTM effectively
reduces the tracking error and minimizes oscillations. However,
these benefits are not substantial, which can be seen from observ-
ing the tracking curve, Figure 13, where the ANN controller with
the robustifying term is shown to perform in a satisfactory man-
ner. Similar to the previous scenario, it is seen from Figure 15 that
the LSTM augmentation contributes to the system by providing
more agile control signals and therefore making the system more
responsive.

with LSTM augmentation

without LSTM augmentation
T T

0 10 20 30 40 50 60

0 10 20 30 40 50 60
Time (s)

FIGURE 17 | Tracking error with and without LSTM augmentation,
in the presence of high uncertainty.

4.2.2 | Controller Performance With Large
Uncertainty

This section aims to investigate the impact of the proposed
LSTM augmentation in the presence of high-valued uncertain-
ties, which are introduced by directly using the test uncertainty.

Unlike the small uncertainty case, the results shown in Figures 16
and 17 indicate a considerable improvement in the transient
behavior of the system. Additionally, a close examination of the
individual control inputs in Figure 18 shows that the ability of
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FIGURE 18 | Control inputs in the presence of high uncertainty. Top: total control input. Middle: the contributions of individual control inputs
without the LSTM. Bottom: the contributions of individual control inputs with the LSTM.

the overall system to quickly respond to rapidly changing uncer-
tainties originates from the contribution of the LSTM network.
Further analysis of Figure 18 indicates that the LSTM augmenta-
tion reduces the oscillatory behavior of the ANN controller and
the robustifying term.

5 | Summary

In this work, an LSTM augmented ANN control structure is pro-
posed to improve the transient response of adaptive closed-loop
control systems. We demonstrate that, thanks to its time-series
prediction capabilities, LSTM helps the ANN controller compen-
sate for the uncertainties in a more agile fashion, resulting in
dramatically improved tracking performance.
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Appendix A

In this section, we provide the proof of Theorem 1. According to
Assumption 1, the NN approximation property (12) holds when x,(?) €
S, The proof provided in this Appendix shows that if x,(0) € S,, then
x,(t) evolves within S, for all > 0, preventing a circular argument.
Toward that end, we start, in Appendix A, by deriving error dynamics
that hold when x,(1) €.S,. Useful inequalities are then listed in several
remarks, which are used in the proof that is given in Appendix B, show-
ing that x,(r) does not leave S,, once it is initialized in S,. Therefore,
the states of the system given in (1) are not assumed to be in S, for all
times, a priori, but it is proven. This is important to prevent a circular
argument.

Error Dynamics and Useful Remarks for x,(t) € S,

We start by substituting the control input (9) and the baseline controller
(6) into (4), which yields

x(t) = A, x(0) + B, r(t) + Bluy (1) + g, (1) + [ (x,(1) (A1)
Using (8), (A1) and (7), the state-tracking error dynamics can be written as
é(n) = A, e(t) + Blugy (1) + ty, (1) + f (x, (1)) (A2)

which, by using the NN approximation property (12), can be written as
6(t) = A, e(t) + Blugy () + W o (VT x,(0) + ), (1) + £(x, (1)) (A3)
It is noted that (A3) and all subsequent remarks hold when x,(1) € S,
while in this article, we only assume that x,(0) € S,. The following

remarks are used later in the proof in the next section, where it is shown
that once x » is initialized in Sy, it stays in S,

The ANN controller u,,(¢) is chosen to be the output of a multi-layer NN,
as defined in (13) and (14). Substituting (13) and (14) into (A3), yields
. i T T T T
é(t) = A,e()+ BEW (e (V (0)x,(1) + Wia(V x,(1)
+ Uy () + 0(F) + £(x,(1))) (A4)
where V(1) € R"*" and W (t) € R™ are adaptive NN weights serving

as estimates for the unknown ideal weights V' and W, respectively. The
weight estimation errors are defined as

Wi(t)y=W - W(t) (A5a)
Vo=V -V@) (A5b)
Throughout the remainder of this section, we drop the time depen-
dency notation for simplicity. Further, we denote o £ G(VTxp(t)) and

6260 x (). Then, (A4) can be written as
¢=A, e+ BWTs+Wo+uy, +v+ex,) (A6)

Using (A5a) in (A6) yields

é= A+ BW 6+ W (0 —8) +uy, +v+ex,) (A7)
Remark 4. Since r(t) is bounded and A,, is Hurwitz, it follows from

(7) that
[Ix,®Il < C, (A8)
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where C,, > 0 is a known constant, which depends on the user-defined
reference input r(7). Therefore, it follows from (8), and the fact that x(¢) £
[x,(07. x, (71" € R", that

llx,®I < Ix®Il < C,, + lle@l (A9)
Remark 5. From the Taylor series expansion
oV x) =V x)+6'V x,+ 00 x,)? (A10)
one can write
oV x,) —o(V' x,) =6V x,+ 00 x,? (A11)

where 6’ is defined in (16) and O(I7Txp)2 denote the higher order terms
in the series. Furthermore, since

oV x ) =o(Vx) —o(V x,) -6V x, (A12)

then, for sigmoid and tanh activation functions, ||c(.)|| < C, and ||’ ()| <
C,, for known constants C, > 0 and C,, > 0. Hence, using (A9), the
higher order terms in the Taylor series are bounded by

~T ~ ~
10V x,)*ll <2C, + CollVIICp + CollV Il llell (A13)
Substituting (A11) for (¢ — 6) in (A7), yields

¢=Ae+ BW 6+ W76V x,

+WTOW" X, + )y + 0+ £(x,)) (A14)
which, by using (A5a) and (A5b), can be written as

é=Ae+ BV 6 -6V x)+ W6V x, +w+uy, +v) (A5

where
wE W eV x, + WOV x,)* +e(x,) (A16)
Remark 6. Let
z A w O"hX”h c R(ﬂ;,Jr'l,,)X(erﬂh) (A17)
0n,,><m V

then, using (A17) and Assumption 2, one can write

IZIG = IWIZ +IVIE < Wy +Vy (A18)

and hence, || Z|| < Z,,, where Z,, £ /W2 + V2. Furthermore, it fol-
lows from (A18) that |W ||% < Z,, and ||V ||% < Z,,. Similarly, by defin-
ing

s . [W(z) 0, v
Z(t) = e
0 V)

n,Xm

:| c R(n,,+n,,)><(m+n,1) (A19)

one can show that [W®)|l < |1ZOll and V(O] < || Z(®)]||, where
ZH2Z-20.

Remark 7. Using (11), (A13) and Remark 6, one can write

lwll < 1Z1|pCor Zpy (C,, + llel)

where
Cy22C,Zy +en (A22a)
C,22C,C,7Z, (A22b)
C,22C,Zy (A22¢)

Remark 8. Sigmoid and tanh activation functions help define a bound
on the LSTM output: We can write (21) as

gy ()0 ()

n = e RN (A23)

O, )0y, )

where N, is the number of last hidden layer neurons. Then,
Nh
A" = Y02 (- )oZ () < N, (A24)
i=1

Hence, ||7"|| < 4/N,, and the bound on the LSTM output can then be
defined as
el S AWl g VN + WD pell 2 iy (A25)

which by using (27) implies that ||u;,, )| < &;5m-

Appendix B

Proof of Theorem 1

Let the approximation property (12) hold on a known compact set .S, 2
{x, : llx,|l < b,} as stated in Assumption 1, for some b, > C,,. Defining
S £ {x : ||x|]| £b,}, and using the fact that [Ix,1l < lIx]l, x € S implies
that x, € S,. Consider the compact set S, 2 {e: |le]l b, —C,}, which
imply that once e € S,, then x, € S,,. Lete(0) € S,. Then, x,(0) € S, and
(12) holds. The proof proceeds by showing that e(r) € S,, Vt > 0.

Consider the Lyapunov function

V=e Pe+tr{W F W) +u(V GV} (B1)

Differentiating (B1) along the trajectories (15) and (A15), and by using
(17), tr{A;A,} = tr{A,A, },and W = —W, it can be shown that

V = —e" Qe + 2e" PB(w + uy, + v)
2t (W ke[ W) + 2t {7 kel V) (B2)
Using (A.5), (A17), and (A19), one can write (B2) as
V =—e" Qe +2¢" PB(w +u,,,, + v) + 2x|le|ltr{ W (W — W)}
+ 2c|lelltr (VT (v = V)

=—eT Qe+ 2¢" PB(w + uy,,,, + v) + 2clelltr{ Z7(Z - 2)}  (B3)

Since tr{ 2" (Z = 2)} =tr{ Z' Z} = 1 Z11% < | Z1I o(Zps = I Z]l ). it fOI-
lows from (B3) that

V < =2 @llell* + 211 B Pel|(llwl] + [l 1)

+2¢" PBo+2klell| ZI| p(Zp = 11 211 ) (B4)

which, by using (A21) and Remark 8, can be written as

+ Zy(2C, + Co | Z||pCp + Coll Z N pllel) + e (A20) _ , .
V < =4n(@llell” + 2|| B Pell(Cy + iy1,,)
or T > T 5
+2G 1B Pelll Z]|p + 2G,[|B” Pellllell | Z]| ¢
llwll 5C0+C1||Z||f‘+C2||Z||f'||e|| (A21) +2€TPBU+2K||€||||Z||F(ZM—||Z||F) (B5)
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The proposed robustifying term (18) is designed to cancel the 4™ term of
(B5). Two cases follow from using (18) in (B5): (a) || BT Pe|| = 0 and (b)
|BT Pe]| # 0.

Case a || BT Pe|| = 0: Since v = 0, (B5) reduces to

V < =2 @llell® + 2xllell| ZN| (Zys = 1 211 )
= ~llell(Zun@llell + 2k 1 Z1 (I Z ]l p = Zpp)

. Z z?
= —|Ie||</1m,»,,(Q)lle|| +2c(1 Z]lp — TM>2 - KTM> (B6)

which implies that V < 0 if either

KZIZM
llell > >—~ (B7)
2'1'min(Q)
or
12Nl > Zy (B8)

Case b || BT Pe|| # 0: Then, by using || Z|| < || Z]| + Z,, in the 4" term
of (B5), and substituting (18), it follows that
V < =4pin(@)llell® + 21| B Pell(C, + ityy;,,)
+2C,||B" Pell| Z||r +2C, || B" Pellllell(1 Z | + Zp)

=2k |IB" Pellllell(I 21l + Zy) + 2xllelll Z1 (Zys = 1 Z11) (B9)
Since k, > C,, (B9) reduces to

V < =Apin(@llell? + 21| BT Pe||(Cy + dy4,,)
+2C,|BT Pell| ZIl p + 2xllelll ZN| . (Zps = 1 Z11 )

< =Apin(Qllel* + 2|l BT Pl pllel|(Cy + fiy,,,)

+2C BT Pllllel Z1lp + 26Mlel Z N (Zpr — 1 Z11 )
= —llell (Auin(@llell = 211 BT Pl :(Cy + iy,

=2C|BT Pl Z1lp = 26N ZN1 o (Zps — 1 211 1)

- q q?

= —||e||<4m,n<Q>||e|| +2c(1Z]lp - 31>2 - K;l - 2qo> (B10)

where gy 2 [|B” P||(Cy +iy,) and g, 2 C,||BT P||y/k + Z,,. There-
fore, it follows that V' < 0 if either

2
Kq; + 4q,
llell > ———= (B11)
2/1mm(Q)
or
q 4@ q
Zlp> 2+ 2+ 2 B12
1Z1F > 5 i (B12)

Hence, using the fact that the bounds given in (B11) and (B12) are bigger
than the bounds in (B7) and (B8), and by selecting the Lyapunov matrix
O such that

Kq} + 4,

20,-C,) (B13)

}’min(Q) >

it can be shown that the solution (e(r), Z()) is uniformly ultimately
bounded [30], and converges to the compact set

2
- Kqy + 44,
E21,Z): |le]l € —=——— <b,-C
2'1min(Q) * "
q 4 q
and IIZIIFS71+ ZI“L?O (B14)

This implies that, since ¢(0) € S, and V < 0 on the boundary of ,, e(t)
stays within S, for all 7 > 0. Therefore x,(N €S, forallt > 0.

Since the reference input r(f) is bounded, x, () is bounded. Therefore,
the boundedness of e(f) = x(r) — x,,(f) implies that x(r), and therefore all
system signals, are bounded. B

Appendix C

Adaptive Control: Linearly Parameterized Uncertainty

A typical, most common design of the adaptive control term u,,(f) in (9)
revolves around the following assumption.

Assumption Al. The matched uncertainty in (1) is linearly parameter-
ized as

Fx,0) = W, d(x,(1) (C1)

where W, € R™*™ is an unknown weight matrix and d(x, (@) :
R" — R" is a known basis function, whose components are locally
Lipschitz-continuous functions of the plant states x,(7).

For a dynamical system in the form of (5), the adaptive controller takes
the form

Ugg (1) = —f(x,(1)) (C2)

where £ (x,(1)) represents an estimate of £ (x,(¢)), which by using (C1) can
be defined as

FGe0) = W h(x, (1) (C3)

where I/f/p(t) € R"" is an adjustable parameter, serving as an estimate
of the ideal value W,. Using the state-tracking error e(?) 2 x(t) — x,() in
(8), Wp(t) is updated using the adaptive law

W (1) = T(x, (1)e” (1) P B = Tklle(t)[| W (1) (c4)

where I € R"*" is a symmetric positive definite matrix, serving as a
learning rate, k > 0 is a scalar gain, and P € R"™" is the symmetric posi-
tive definite solution of the Lyapunov equation (17), for some symmetric
positive definite matrix O € R™".

Theorem 2. Consider the uncertain plant dynamics (1), subject to
Assumption Al, and the reference model (7). Let the control input be defined
by (9), which consists of the baseline controller (6), the adaptive controller
defined by (C2), (C3), and (C4), and the LSTM controller explained in
Section 3. Then, the solution (e(t), W ,()) is uniformly ultimately bounded
(UUB) and converges to a predefined compact set, where Wp(t) = W, -
W, ().

Proof.  Substituting the control input (9) and the baseline controller (6)
into (4), and by using (7), the state-tracking error dynamics can be written
as in (A2), which, by using Assumption Al, can be written as

60 = Ay + Bt 1) + ) + W, (3,0 (C5)
Substituting the adaptive control law (C2) into (C6) yields

60 = Ape(®) + B(W (0B, (1) + 1y, (1) (C6)

. a N
where W (1) = W, — W,(1).
Consider the Lyapunov function candidate

V, = el Pe+tr(W,I'W ) (c7)

the derivative of which, along the trajectories (C6) and (C4), can be writ-
ten as

, T ~ T .~
V,=-e Qe— 2K||e||tr{Wp w,}

+ 2« lelitr{(W, W, } + 2¢ PBu,,, (C8)
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It follows from Remark 9 that ||u;,,, ()| < d,,, for a known &,,,,, which

is defined in (A25). Therefore, (C8) implies that

Y. 2 1 2
Vy < =Auin(@llell” = 2klle|llIW [l
+2k[lellW Il 1W, Il + 2llell| P Blldg,,

=—llell </1m,»,,(Q)||e|| + 2K<”Wp”1-‘ -

2
AR

—2||PB||ﬁ131m>

Thus, it follows that V' < 0 if either

K“VV,,”?,/Z + 2||PB||'zlstm A

llell > 0 Pe

or

. 1w, 113 IW,II%  |IPBla
”Wp”F > PUF + PU'F + ” ” Istm ép

2 4 K

and hence, the solution (e, W »)isUUB [30] and converges to the set £ »

{(e.W,) : llell < p, and [|W || < p,,}-

||W,,||F>2

(€9)

(C10)

(€11)

w

1>
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