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ABSTRACT
Adaptive controllers have proven successful in handling uncertain dynamical systems. Yet, their integration into piloted applica-
tions remains uncommon owing to their nonlinear characteristics, which give rise to unfavorable interactions between adaptive
controllers and human pilots in certain applications. To enable their safe implementation in the loop with human pilots, we intro-
duce an adaptive human pilot model suited for predicting human interactions with adaptive controllers. This model accounts for
the time delay in the pilot’s response when operating on an adaptive control system, thereby facilitating the evaluation of adaptive
controllers in simulation environments and guiding their design to ensure smooth pilot-controller interactions.

1 | Introduction

A human operator’s existence in the control loop remains a
necessity to date, especially in applications where the inability
to cope with uncertainties can lead to tragic outcomes. This is
where a prominent branch of control theory known as model
reference adaptive control (MRAC) proves particularly useful, as
it can mitigate the load on human operators. In MRAC, control
parameters are updated online in response to deviations from
nominal behavior, which can arise due to uncertainties in the
plant dynamics. This is achieved by designing update laws that
ensure rigorous stability guarantees, and maintain an adequate
steady-state performance [1, 2]. However, the special nonlinear
characteristics of MRAC can lead to unreliable transients caus-
ing unfavorable interactions with human pilots in the loop as
reported in previous flight tests [3]. As a result, the implemen-
tation of MRAC in piloted applications remains limited, and a
need arises for human-in-the-loop analyses that can aid in the
design of MRAC for piloted applications.

Abbreviation: MRAC, model reference adaptive control.
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Human pilot models play a key role in the evaluation of control
systems for piloted applications. They enable the testing of
controllers in simulation environments and provide guidance
throughout the design process. Prominent pilot models like the
crossover model [4] and its extensions [5, 6], provide a simple
fixed representation of the pilot control decision in the loop with
a time-invariant control system. However, when the control sys-
tem is prone to failure, damage, or sudden parametric changes,
these simple pilot models fail to capture how humans are found
to adapt in such critical situations. To address these limitations,
a few adaptive pilot models have been proposed in the literature.

In [7] and [8], an adaptive pilot model is presented, where the
derivation of the update laws is based on expert knowledge such
that, in the presence of uncertainty, the adaptive pilot model
follows the dictates of the crossover model. This idea was further
pursued in [9], where an adaptive pilot model is developed by
resorting to the theory of MRAC allowing for a rigorous stability
analysis. While the models in [7–9] can capture the adaptive
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behavior of a human pilot in the presence of uncertainty, they
are developed by assuming that the pilot operates on a linear
control system. Other studies such as [10, 11] and [12] provide a
human-in-the-loop stability analysis, where the human operates
on an adaptive control system. Yet, the human models in these
studies are not adaptive.

One of the earliest adaptive pilot models devised to represent
a pilot behavior in the loop with an adaptive control system
has been recently proposed in [13]. By employing the theory of
MRAC, human update laws are derived based on a rigorous Lya-
punov stability analysis. However, this model does not take into
consideration the time delay in a pilot’s response, which nar-
rows down the class of suitable applications. A pilot’s response
to visual, aural, or tactile stimuli involves an effective reaction
time delay, which includes latencies in the visual, aural, or tac-
tile sensing process, motor nerve conduction time, and central
processing time [14]. While the effects of the pilot’s reaction time
delay can be minimal in certain applications, they are generally
significant in a broad class of applications, where the amount
of reaction time delay determines the stability of the overall
human-in-the-loop dynamics [10, 11].

In this paper, we build upon [13] and propose a novel adap-
tive pilot model that takes reaction time delay into consideration
for a pilot operating on an MRAC control system. The model
is suited for the prediction of human interactions with adaptive
controllers, which can help in their evaluation and guide in their
design. Including the reaction time delay in the adaptive pilot
model gives rise to major difficulties, which entail the prediction
of the future states of a time-varying uncertain adaptive control
system. We resolve this issue through a novel approach, by resort-
ing to the fundamental theory of linear systems, and MRAC,
which leads to a rigorous Lyapunov–Krasovskii stability analysis.
Furthermore, as pilots deliver their commands through a manip-
ulator, the model also takes into account physical manipulator
limits, which impose saturation on the intended pilot commands.

The theoretical results herein were partially presented in a con-
ference version [15]. This paper presents the complete the-
oretical development of the adaptive pilot model, including
the mathematical proofs and elaborate numerical simulations
that showcase the efficacy of the presented modeling approach.

Furthermore, the proposed adaptive pilot model has also been
utilized in [16] to train a deep-learning-based human-autonomy
collaboration framework, validated through human-in-the-loop
experimental results that demonstrated notable performance
improvements.

We start by formulating the problem in Section 2, where the archi-
tecture is divided into inner and outer loops. The inner loop is
detailed in Section 3, which consists of uncertain plant dynam-
ics and an adaptive controller. Section 4 presents the proposed
adaptive human pilot model, which constitutes the outer loop.
The main stability result is also provided in this section. Finally,
detailed numerical simulations are presented in Section 5, and
conclusions are provided in Section 6.

1.1 | Notation

Throughout the paper, ℝ𝑝×𝑞(ℝ𝑝×𝑝
+ )[𝕊𝑝×𝑝]{𝔻𝑝×𝑝} denotes the set of

real (positive-definite real)[symmetric real]{diagonal real} matri-
ces, and ||.|| refers to the euclidean norm for vectors, and the
induced-2 norm for matrices. We denote the Frobenius norm for
matrices by ||.||𝐹 , the trace operator by Tr{.}, and the transpose
[inverse] operator by (.)𝑇 [(.)−1]. Furthermore, 𝜆𝑚𝑖𝑛(𝐴) refers to
the minimum eigenvalue of a matrix 𝐴, and diag(𝑎) ∶ ℝ𝑝 → 𝔻𝑝×𝑝

gives a diagonal matrix with 𝑎 ∈ ℝ𝑝 on the diagonal.

Finally, for an update law in the form

̇̂
𝜃(𝑡) = Proj(𝜃̂(𝑡), 𝑌 (𝑡)), (1)

Proj(., .) is the element-wise projection operator, defined in [17],
used to bound each element 𝜃̂𝑖,𝑗(𝑡) of an adaptive parameter 𝜃̂(𝑡)
in a predefined compact set [𝜃̂𝑚𝑖𝑛𝑖,𝑗 , 𝜃̂𝑚𝑎𝑥𝑖,𝑗 ].

2 | Problem Formulation

The goal is to model the human control decision when operat-
ing on an adaptive control system. Towards that end, we divide
the human-in-the-loop architecture into inner and outer loops as
shown in Figure 1. The inner loop consists of the plant dynamics
of interest, which are controlled by an adaptive control system
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FIGURE 1 | Human-in-the-loop adaptive control system. The outer loop represents human decision-making, while the inner loop includes the
plant dynamics and the adaptive controller that tracks the reference model under uncertainty.
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to track commands issued by the human in the outer loop.
Under the presence of uncertainty in the plant dynamics, devia-
tions arise from the nominal inner-loop behavior, which is pre-
scribed by the reference model. The controller parameters are
then updated using the adaptive law such that nominal behavior
is restored by tracking the reference model.

The outer loop encloses the human operator that controls the
inner loop through a physical manipulator in order to track a
desired trajectory and achieve nominal closed-loop dynamics
given by the crossover reference model. However, adaptation in
the inner loop, due to plant uncertainties, leads to deviations
from the crossover reference model, and thus causes the human
operator to adapt in an attempt to restore nominal closed-loop
behavior. This motivates modeling human adaptation using an
MRAC architecture, where human adaptive laws are devised to
update the human control decision such that crossover reference
model tracking is achieved. Physical manipulator limits impose
magnitude saturation on the human control input to the inner
loop, and a delay is included to capture the human’s reaction
time delay. The primary inner- and outer-loop variables used in
the human-in-the-loop adaptive control architecture are summa-
rized in Table 1.

3 | Inner Loop

Consider the uncertain plant dynamics

𝑥̇𝑝(𝑡) = 𝐴𝑝𝑥𝑝(𝑡) + 𝐵𝑝Λ𝑢𝑝(𝑡),

𝑦1(𝑡) = 𝐶𝑇
1 𝑥𝑝(𝑡), (2)

𝑦2(𝑡) = 𝐶𝑇
2 𝑥𝑝(𝑡),

where 𝑥𝑝(𝑡) ∈ ℝ𝑛𝑝 is the accessible state vector, 𝑢𝑝(𝑡) ∈ ℝ𝑚 is the
control input, 𝑦1(𝑡) ∈ ℝ𝑚 is the output of interest for the adap-
tive controller, and 𝑦2(𝑡) ∈ ℝ𝑚 is the output of interest for the
human operator. The state matrix 𝐴𝑝 ∈ ℝ𝑛𝑝×𝑛𝑝 is unknown, and
Λ ∈ ℝ𝑚×𝑚

+ ∩ 𝔻𝑚×𝑚 is an unknown control effectiveness matrix
with the diagonal elements 𝜆𝑖,𝑖 ∈ (0, 1]. Furthermore, 𝐵𝑝 ∈ ℝ𝑛𝑝×𝑚

is a known control input matrix, 𝐶1 ∈ ℝ𝑛𝑝×𝑚 and 𝐶2 ∈ ℝ𝑛𝑝×𝑚 are
known output matrices, and the pair (𝐴𝑝, 𝐵𝑝) is assumed to be
controllable.

The uncertain dynamics (2) reflect the real plant during opera-
tion, which is prone to uncertainties. However, nominal dynam-
ics are generally available, which form the starting point for con-
trol design. Let the nominal dynamics be known as

𝑥̇𝑟(𝑡) = 𝐴𝑛𝑥𝑟(𝑡) + 𝐵𝑝𝑢𝑛(𝑡), (3)

where 𝐴𝑛(𝑡) ∈ ℝ𝑛𝑝×𝑛𝑝 is a known nominal state matrix. Based on
(3), a nominal controller 𝑢𝑛(𝑡) ∈ ℝ𝑚 is defined as

𝑢𝑛(𝑡) = −𝐿𝑥𝑥𝑟(𝑡) + 𝐿𝑟𝑦ℎ(𝑡 − 𝜏), (4)

where the feedback gain 𝐿𝑥 ∈ ℝ𝑚×𝑛𝑝 is chosen such that 𝐴𝑟 ≜
𝐴𝑛 − 𝐵𝑝𝐿𝑥 is Hurwitz. The feed-forward gain 𝐿𝑟 ∈ ℝ𝑚×𝑚 is
designed to achieve tracking of human commands 𝑦ℎ(𝑡 − 𝜏) ∈
ℝ𝑚, where 𝜏 ∈ ℝ+ is the human reaction time delay. The human
input 𝑦ℎ(𝑡) is bounded due to physical manipulator limits. It is

TABLE 1 | Summary of primary inner- and outer-loop variables in
the human-in-the-loop adaptive control architecture.

Inner-loop variables

𝑥𝑝 Accessible plant state vector
𝑢𝑝 Plant control input
𝑦1 Plant output of interest for the

inner-loop adaptive controller
𝑦ℎ Saturated human commands

(inner-loop’s reference signal)
𝑥𝑟 State vector of the reference model
𝑒1 Inner-loop state tracking error
𝐾̂𝑥, 𝜆̂ Adaptive parameters of the inner

loop controller
𝛾𝑥, 𝛾𝜆 Inner-loop learning rates
𝑃1, 𝑄1 Inner-loop Lyapunov matrices

Outer-loop variables

𝑦2 Plant output of interest for human
operator

𝑣 Human control decision
(unsaturated)

𝜏 Human reaction time delay
𝑥𝑚 State vector of the

crossover-reference model
𝑒2 Outer-loop state-tracking error
𝑒𝑦 Augmented state-tracking error

(saturation-compensated)
𝜆̂2, 𝜆̂3, Φ̂1, Φ̂2 Outer-loop (human) adaptive

parameters
𝛾2, 𝛾3, 𝛾𝜙1

, 𝛾𝜙2
Outer-loop (human) learning rates

𝑃2, 𝑄2 Outer-loop Lyapunov matrices

noted that these bounds are also taken into consideration in the
analysis of the outer loop, given in the following section.

The nominal dynamics (3) and (4) constitute the reference model,
which can be written as

𝑥̇𝑟(𝑡) = 𝐴𝑟𝑥𝑟(𝑡) + 𝐵𝑟𝑦ℎ(𝑡 − 𝜏), 𝑥𝑟(𝑡0) = 0, (5)

where 𝐵𝑟 ≜ 𝐵𝑝𝐿𝑟. The adaptive control objective is to design
𝑢𝑝(𝑡) in (2) to achieve reference model state tracking, that is,
lim𝑡→∞ 𝑥𝑝(𝑡) = 𝑥𝑟(𝑡). Since (5) is stable, then for a constant human
command 𝑦ℎ, the steady state of the reference model satis-
fies lim𝑡→∞ 𝑥𝑟(𝑡) = −𝐴−1

𝑟
𝐵𝑝𝐿𝑟𝑦ℎ. Hence, achieving lim𝑡→∞ 𝑥𝑝(𝑡) =

𝑥𝑟(𝑡) implies that the plant output 𝑦1(𝑡) in (2) takes the form
lim𝑡→∞ 𝑦1(𝑡) = −𝐶𝑇

1 𝐴
−1
𝑟
𝐵𝑝𝐿𝑟𝑦ℎ. To achieve lim𝑡→∞ 𝑦1(𝑡) = 𝑦ℎ, we

define
𝐿𝑟 = −(𝐶𝑇

1 𝐴
−1
𝑟
𝐵𝑝)−1. (6)

Remark 1. Assigning the feed-forward gain 𝐿𝑟 as in (6)
to achieve human command following requires the matrix
𝐶𝑇

1 𝐴
−1
𝑟
𝐵𝑝 to be invertible, which is not always possible. We treat

such a case in the simulations in Section 5, where a pilot of a 747
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airplane feeds pitch-rate commands to the inner loop to achieve
a desired pitch-angle trajectory.

To design the adaptive control law 𝑢𝑝(𝑡) for the uncertain dynam-
ics (2), we make the following assumption, which is the standard
matching condition.

Assumption 1. There exists a 𝐾∗
𝑥
∈ ℝ𝑚×𝑛𝑝 that satisfies the

matching condition 𝐴𝑟 = 𝐴𝑝 − 𝐵𝑝Λ𝐾∗
𝑥

.

Using Assumption 1, and noting that 𝐵𝑝Λ𝐾∗
𝑟
= 𝐵𝑟 for 𝐾∗

𝑟
=

Λ−1𝐿𝑟, we define the adaptive control law as

𝑢𝑝(𝑡) = −𝐾̂𝑥(𝑡)𝑥𝑝(𝑡) + diag(𝜆̂(𝑡))𝐿𝑟𝑦ℎ(𝑡 − 𝜏), (7)

where 𝐾̂𝑥(𝑡) ∈ ℝ𝑚×𝑛𝑝 and 𝜆̂(𝑡) ∈ ℝ𝑚 are adaptive parameters
which serve as estimates for the unknown values 𝐾∗

𝑥
and 𝜆∗,

respectively. Here, diag(𝜆∗) = Λ−1, which exists since Λ is a diag-
onal positive definite matrix.

Substituting (7) into (2) yields

𝑥̇𝑝(𝑡) = 𝐴𝑟𝑥𝑝(𝑡) + 𝐵𝑟𝑦ℎ(𝑡 − 𝜏) + 𝐵𝑝Λdiag(𝜆̃(𝑡))𝐿𝑟𝑦ℎ(𝑡 − 𝜏)

− 𝐵𝑝Λ𝐾̃𝑥(𝑡)𝑥𝑝(𝑡), (8)

where 𝐾̃𝑥(𝑡) ≜ 𝐾̂𝑥(𝑡) −𝐾∗
𝑥

and 𝜆̃(𝑡) ≜ 𝜆̂(𝑡) − 𝜆∗. By subtracting
(5) from (8), and using Λdiag(𝜆̃(𝑡))𝐿𝑟𝑦ℎ(𝑡 − 𝜏) = diag(𝐿𝑟𝑦ℎ(𝑡 −
𝜏))Λ𝜆̃(𝑡), the error dynamics can be written as

𝑒̇1(𝑡) = 𝐴𝑟𝑒1(𝑡) + 𝐵𝑝diag(𝐿𝑟𝑦ℎ(𝑡 − 𝜏))Λ𝜆̃(𝑡) − 𝐵𝑝Λ𝐾̃𝑥(𝑡)𝑥𝑝(𝑡),
(9)

where 𝑒1(𝑡) ≜ 𝑥𝑝(𝑡) − 𝑥𝑟(𝑡) is the inner-loop state-tracking error.
Finally, we define the inner-loop adaptive laws as

̇̃𝐾
𝑇

𝑥
(𝑡) = ̇̂

𝐾
𝑇

𝑥
(𝑡) = 𝛾𝑥𝑥𝑝(𝑡)𝑒1(𝑡)𝑇 𝑃1𝐵𝑝, (10a)

̇̃𝜆(𝑡) = ̇̂
𝜆(𝑡) = 𝛾𝜆Proj

(
𝜆̂(𝑡), −diag(𝐿𝑟𝑦ℎ(𝑡 − 𝜏))𝐵𝑇

𝑝
𝑃1𝑒1(𝑡)

)
,

(10b)

where 𝛾𝑥, 𝛾𝜆 ∈ ℝ+ are the inner-loop learning rates, and 𝑃1 ∈
ℝ𝑛𝑝×𝑛𝑝

+ ∩ 𝕊𝑛𝑝×𝑛𝑝 is the solution of the Lyapunov equation 𝐴𝑇
𝑟
𝑃1 +

𝑃1𝐴𝑟 = −𝑄1, for some 𝑄1 ∈ ℝ𝑛𝑝×𝑛𝑝
+ ∩ 𝕊𝑛𝑝×𝑛𝑝 . Furthermore, posi-

tive bounds 𝜆̂𝑚𝑎𝑥𝑖 , 𝜆̂𝑚𝑖𝑛𝑖 ∈ ℝ+ are set by the projection operator
on each element 𝜆̂𝑖(𝑡), such that 𝜆̂𝑚𝑎𝑥𝑖 > 𝜆̂𝑖(𝑡) > 𝜆̂𝑚𝑖𝑛𝑖 > 0 for all
𝑖 = 1, . . . , 𝑚 and 𝑡 ≥ 0.

Remark 2. Throughout this paper, without loss of generality,
we define all learning rates as scalars instead of diagonal positive
definite matrices to maintain simplicity. All results herein apply
to the latter, which are also used in the simulations in Section 5.

Lemma 1. Consider the uncertain dynamical system (2), the
reference model (5), and the feedback control law given by (7) and
(10). The origin (𝑒1 = 0, 𝐾̃𝑥 = 0, 𝜆̃ = 0) is Lyapunov stable in the
large. Furthermore, since the human command 𝑦ℎ(𝑡) is bounded,
due to imposed saturation limits by the physical manipulators,
lim𝑡→∞ 𝑒1(𝑡) = 0 and ̇̃𝐾𝑥(𝑡) and ̇̃𝜆(𝑡) remain bounded along with
all the signals in the inner-loop.

Proof. The proof of Lemma 1 can be found in [13]. ◽

4 | Outer Loop

The human operates on the inner-loop dynamics (8), which, by
using diag(𝜆∗) = Λ−1, can be written as

𝑥̇𝑝(𝑡) = 𝐴𝑟𝑥𝑝(𝑡) + 𝐵𝑝Λdiag(𝜆̂(𝑡))𝐿𝑟𝑦ℎ(𝑡 − 𝜏) − 𝐵𝑝Λ𝐾̃𝑥(𝑡)𝑥𝑝(𝑡).
(11)

We assume that the human operator is well-trained, that is, they
are familiar with the nominal inner-loop dynamics given by (5)
and the internal time delay 𝜏 is known. This implies that, for the
human operator, the only unknowns in (11) are Λ, 𝜆̂(𝑡) and 𝐾̃𝑥(𝑡),
which constitute the plant uncertainties and the adaptation in the
inner loop. Consequently, by defining the unknown time-varying
parameters as

𝐻𝑇 (𝑡) ≜ −Λ𝐾̃𝑥(𝑡), Λ2(𝑡) ≜ Λdiag(𝜆̂(𝑡)), (12)

the inner-loop dynamics (11) can be rewritten as

𝑥̇𝑝(𝑡) = (𝐴𝑟 + 𝐵𝑝𝐻
𝑇 (𝑡))𝑥𝑝(𝑡) + 𝐵𝑝Λ2(𝑡)𝐿𝑟𝑦ℎ(𝑡 − 𝜏). (13)

Although (13) is a nonlinear adaptive control system, from the
human’s point of view, it is seen as a linear-time-varying sys-
tem whose state matrix is 𝐴(𝑡) = 𝐴𝑟 + 𝐵𝑝𝐻

𝑇 (𝑡). The human’s
objective is to control this system such that the plant states
follow the states 𝑥𝑚(𝑡) ∈ ℝ𝑛𝑝 of a crossover-reference model
given by

𝑥̇𝑚(𝑡) = 𝐴𝑚𝑥𝑚(𝑡) + 𝐵𝑚𝑟(𝑡 − 𝜏), (14)

where 𝑟(𝑡) ∈ ℝ𝑚 is a bounded reference input representing
the desired trajectory the human wants to achieve. Further-
more, 𝐵𝑚 ≜ 𝐵𝑟𝜃𝑟 ∈ ℝ𝑛𝑝×𝑚 and 𝐴𝑚 ∈ ℝ𝑛𝑝×𝑛𝑝 is Hurwitz, sat-
isfying the standard matching condition assumption, given
below.

Assumption 2. There exists a 𝜃𝑥 ∈ ℝ𝑚×𝑛𝑝 that satisfies the
matching condition 𝐴𝑚 = 𝐴𝑟 − 𝐵𝑝𝐿𝑟𝜃𝑥.

Similar to the inner loop (see (6)), we define

𝜃𝑟 = −(𝐶𝑇
2 𝐴

−1
𝑚
𝐵𝑟)−1, (15)

such that for a constant reference input 𝑟, achieving
lim𝑡→∞ 𝑥𝑝(𝑡) = 𝑥𝑚(𝑡) implies that lim𝑡→∞ 𝑦2(𝑡) = 𝑟. The crossover-
reference model captures the nominal closed-loop behavior
attained by the human in the absence of uncertainty.

In the ideal case where no saturation is imposed on the human
command, and both 𝐻(𝑡) and Λ2(𝑡) in (12) are known, the
following non-causal human command matches (13) with the
crossover-reference model

𝑦∗
ℎ
(𝑡) = 𝐿−1

𝑟
Λ−1

2 (𝑡 + 𝜏)𝐿𝑟∗(𝑡), (16)

where

∗(𝑡) = −𝜃𝑥𝑥𝑝(𝑡 + 𝜏) + 𝜃𝑟𝑟(𝑡) − 𝐿−1
𝑟
𝐻𝑇 (𝑡 + 𝜏)𝑥𝑝(𝑡 + 𝜏). (17)

While (16) and (17) are not directly applicable due to their depen-
dence on future system variables, they provide a theoretical basis
that we use to design the actual human control decision. The

4 International Journal of Adaptive Control and Signal Processing, 2026
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future state of the plant 𝑥𝑝(𝑡 + 𝜏) can be predicted using the solu-
tion of the time-varying differential equation (13) as

𝑥𝑝(𝑡 + 𝜏) = Φ(𝑡 + 𝜏, 𝑡)𝑥𝑝(𝑡)

+ ∫
0

−𝜏
Φ(𝑡 + 𝜏, 𝑡 + 𝜂 + 𝜏)𝐵𝑝Λ2(𝑡 + 𝜂 + 𝜏)𝐿𝑟𝑦ℎ(𝑡 + 𝜂) d𝜂,

(18)

where Φ(𝑡2, 𝑡1) ∈ ℝ𝑛𝑝×𝑛𝑝 is the state-transition matrix of (13).
Inspired by (16), (17), and (18), we define the saturated human
command 𝑦ℎ(𝑡) componentwise as

𝑦ℎ𝑖 (𝑡) =

{
𝑣𝑖(𝑡), if |𝑣𝑖(𝑡)| ≤ 𝑦𝑜𝑖 ,

𝑦𝑜𝑖sgn(𝑣𝑖(𝑡)), if |𝑣𝑖(𝑡)| > 𝑦𝑜𝑖 ,
(19)

where 𝑦ℎ𝑖 (𝑡) is the 𝑖th element of the human command vec-
tor 𝑦ℎ(𝑡) = [𝑦ℎ1

(𝑡), . . . , 𝑦ℎ𝑚 (𝑡)]
𝑇 applied to the inner-loop dynam-

ics (13), and 𝑦𝑜𝑖 ∈ ℝ+ is the saturation limit of 𝑦ℎ𝑖 (𝑡). The unsat-
urated adaptive human control decision 𝑣(𝑡) = [𝑣1(𝑡), . . . , 𝑣𝑚(𝑡)]𝑇
is defined as

𝑣(𝑡) = 𝐿−1
𝑟

diag(𝜆̂2(𝑡))𝐿𝑟(𝑡), (20)

where

(𝑡) = Φ̂1(𝑡)𝑥𝑝(𝑡) + 𝜃𝑟𝑟(𝑡) + ∫
0

−𝜏
Φ̂2(𝑡, 𝜂)𝐿𝑟𝑦ℎ(𝑡 + 𝜂) d𝜂. (21)

Moreover, Φ̂1(𝑡) ∈ ℝ𝑚×𝑛𝑝 , Φ̂2(𝑡, 𝜂) ∈ ℝ𝑚×𝑚 and 𝜆̂2(𝑡) ∈ ℝ𝑚 are
adaptive parameters which serve as estimates for the unknown
values

Φ∗
1(𝑡) = 𝐻(𝑡)Φ(𝑡 + 𝜏, 𝑡),

Φ∗
2(𝑡, 𝜂) = 𝐻(𝑡)Φ(𝑡 + 𝜏, 𝑡 + 𝜂 + 𝜏)𝐵𝑝Λ2(𝑡 + 𝜂 + 𝜏), (22)

and 𝜆∗2(𝑡), respectively, where 𝐻(𝑡) ≜ −(𝜃𝑥 + 𝐿−1
𝑟
𝐻𝑇 (𝑡 + 𝜏)).

Here, diag
(
𝜆∗2(𝑡)

)
= Λ−1

2 (𝑡 + 𝜏), which exists for all 𝑡 ≥ 0 since
Λ2(𝑡), defined in (12), is diagonal positive definite for all 𝑡 ≥ 0.
The latter is ensured by using the projection operator in (10b),
which bounds the inner-loop adaptive parameter 𝜆̂(𝑡) such that
it is always positive. The human adaptive control decision (20) is
fed through the element-wise saturation function (19) to account
for physical manipulator limits.

Substituting (19), (20), and (21) into (13), and after some algebraic
manipulations, we get

𝑥̇𝑝(𝑡) = 𝐴𝑚𝑥𝑝(𝑡) + 𝐵𝑚𝑟(𝑡 − 𝜏) + 𝐵𝑝Λ2(𝑡)𝐿𝑟Δ𝑦(𝑡 − 𝜏)

+ 𝐵𝑝Λ2(𝑡)diag(𝜆̃2(𝑡 − 𝜏))𝐿𝑟(𝑡 − 𝜏)

+ 𝐵𝑝𝐿𝑟Φ̃1(𝑡 − 𝜏)𝑥𝑝(𝑡 − 𝜏)

+ 𝐵𝑝𝐿𝑟∫
0

−𝜏
Φ̃2(𝑡 − 𝜏, 𝜂)𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)d𝜂, (23)

where Φ̃1(𝑡) ≜ Φ̂1(𝑡) − Φ∗
1(𝑡), Φ̃2(𝑡, 𝜂) ≜ Φ̂2(𝑡, 𝜂) − Φ∗

2(𝑡, 𝜂) and
𝜆̃2(𝑡) ≜ 𝜆̂2(𝑡) − 𝜆∗2(𝑡), and Δ𝑦(𝑡) ≜ 𝑦ℎ(𝑡) − 𝑣(𝑡) is the control defi-
ciency due to human command saturation. By subtracting
(14) from (23), and using Λ2diag(𝜆̃2)𝐿𝑟 = diag(𝐿𝑟)Λ2𝜆̃2, the
outer-loop error dynamics can be written as

𝑒̇2(𝑡) = 𝐴𝑚𝑒2(𝑡) + 𝐵𝑝Λ2(𝑡)𝐿𝑟Δ𝑦(𝑡 − 𝜏)

+ 𝐵𝑝diag(𝐿𝑟(𝑡 − 𝜏))Λ2(𝑡)𝜆̃2(𝑡 − 𝜏)

+ 𝐵𝑝𝐿𝑟Φ̃1(𝑡 − 𝜏)𝑥𝑝(𝑡 − 𝜏)

+ 𝐵𝑝𝐿𝑟∫
0

−𝜏
Φ̃2(𝑡 − 𝜏, 𝜂)𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)d𝜂, (24)

where 𝑒2(𝑡) ≜ 𝑥𝑝(𝑡) − 𝑥𝑚(𝑡) is the outer-loop state-tracking error.

To remove the effect of control deficiency due to human com-
mand saturation from the error dynamics, we generate an aux-
iliary signal 𝑒Δ(𝑡) as in [18, 19]

𝑒̇Δ(𝑡) = 𝐴𝑚𝑒Δ(𝑡) + 𝐵𝑝diag(𝜆̂3(𝑡))𝐿𝑟Δ𝑦(𝑡 − 𝜏), 𝑒Δ(𝑡0) = 0, (25)

where 𝜆̂3(𝑡) ∈ ℝ𝑚 is an adaptive parameter which serves as an
estimate for the unknown value 𝜆∗3(𝑡), and diag(𝜆∗3(𝑡)) = Λ2(𝑡).
Subtracting (25) from (24) and using the fact that diag(𝜆̃3)𝐿𝑟Δ𝑦 =
diag(𝐿𝑟Δ𝑦)𝜆̃3 yields augmented error dynamics in a stan-
dard form

𝑒̇𝑦(𝑡) = 𝐴𝑚𝑒𝑦(𝑡) − 𝐵𝑝diag(𝐿𝑟Δ𝑦(𝑡 − 𝜏))𝜆̃3(𝑡)

+ 𝐵𝑝diag(𝐿𝑟(𝑡 − 𝜏))Λ2(𝑡)𝜆̃2(𝑡 − 𝜏)

+ 𝐵𝑝𝐿𝑟Φ̃1(𝑡 − 𝜏)𝑥𝑝(𝑡 − 𝜏)

+ 𝐵𝑝𝐿𝑟∫
0

−𝜏
Φ̃2(𝑡 − 𝜏, 𝜂)𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)d𝜂, (26)

where 𝑒𝑦(𝑡) ≜ 𝑒2(𝑡) − 𝑒Δ(𝑡) is the augmented error, and 𝜆̃3(𝑡) ≜
𝜆̂3(𝑡) − 𝜆∗3(𝑡). We propose the human adaptive laws

̇̂
𝜆2(𝑡) = 𝛾2Proj

(
𝜆̂2(𝑡), −diag(𝐿𝑟(𝑡 − 𝜏))𝐵𝑇

𝑝
𝑃2𝑒𝑦(𝑡)

)
, (27a)

̇̂
𝜆3(𝑡) = 𝛾3Proj

(
𝜆̂3(𝑡), diag(𝐿𝑟Δ𝑦(𝑡 − 𝜏))𝐵𝑇

𝑝
𝑃2𝑒𝑦(𝑡)

)
, (27b)

̇̂Φ
𝑇

1 (𝑡) = 𝛾𝜙1
Proj

(
Φ̂𝑇

1 (𝑡), −𝑥𝑝(𝑡 − 𝜏)𝑒𝑇
𝑦
(𝑡)𝑃2𝐵𝑝𝐿𝑟

)
, (27c)

̇̂Φ
𝑇

2 (𝑡, 𝜂) = 𝛾𝜙2
Proj

(
Φ̂𝑇

2 (𝑡, 𝜂), −𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)𝑒𝑇
𝑦
(𝑡)𝑃2𝐵𝑝𝐿𝑟

)
, (27d)

where 𝛾2, 𝛾3, 𝛾𝜙1
, 𝛾𝜙2

∈ ℝ+ are human learning rates, and 𝑃2 ∈
ℝ𝑛𝑝×𝑛𝑝

+ ∩ 𝕊𝑛𝑝×𝑛𝑝 is the solution of the Lyapunov equation 𝐴𝑇
𝑚
𝑃2 +

𝑃2𝐴𝑚 = −𝑄2, for some 𝑄2 ∈ ℝ𝑛𝑝×𝑛𝑝
+ ∩ 𝕊𝑛𝑝×𝑛𝑝 .

The following Lemma and the subsequent remarks play a crucial
role in the stability analysis that follows in Theorem 1 below.

Lemma 2. The state transition matrix Φ(𝑡 + 𝜏, 𝑡) in (18) and its
time derivative Φ̇(𝑡 + 𝜏, 𝑡) are bounded, that is, there exist 𝜙 ∈ ℝ+
and 𝜙̇ ∈ ℝ+ such that ||Φ(𝑡 + 𝜏, 𝑡)||𝐹 ≤ 𝜙 and ||Φ̇(𝑡 + 𝜏, 𝑡)||𝐹 ≤ 𝜙̇

for all 𝑡 ≥ 𝑡0. Additionally, the same bounds apply for Φ(𝑡 + 𝜏, 𝑡 +
𝜂 + 𝜏) and its time derivative, that is, ||Φ(𝑡 + 𝜏, 𝑡 + 𝜂 + 𝜏)|| ≤ 𝜙 and||Φ̇(𝑡 + 𝜏, 𝑡 + 𝜂 + 𝜏)|| ≤ 𝜙̇ for all 𝑡 ≥ 𝑡0, −𝜏 ≤ 𝜂 ≤ 0.

Proof. It follows from Lemma 1 that the origin (𝑒1 = 0, 𝐾̃𝑥 =
0, 𝜆̃ = 0) is uniformly stable in the large. The state transition
matrix Φ(𝑡 + 𝜏, 𝑡) defines the solution 𝑥𝑝(𝑡 + 𝜏) = Φ(𝑡 + 𝜏, 𝑡)𝑥𝑝(𝑡)
of the homogeneous part of (13)

𝑥̇𝑝(𝑡) = (𝐴𝑟 + 𝐵𝑝𝐻
𝑇 (𝑡))𝑥𝑝(𝑡). (28)

Since 𝑥𝑝(𝑡) = 𝑒1(𝑡) + 𝑥𝑟(𝑡), and 𝑥𝑟(𝑡0) = 0, then the homogeneous
part of (5)

𝑥̇𝑟(𝑡) = 𝐴𝑟𝑥𝑟(𝑡), 𝑥𝑟(𝑡0) = 0, (29)
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yields the solution 𝑥𝑟(𝑡) = 0, which implies that 𝑥𝑝(𝑡) = 𝑒1(𝑡) for
all 𝑡 ≥ 𝑡0. This shows that the origin 𝑥𝑝 = 0 of (28) is uniformly
stable in the large. It then follows from Theorem 6.4 in [20] that
there exists𝜙 ∈ ℝ+ such that ||Φ(𝑡2, 𝑡1)||𝐹 ≤ 𝜙 for all 𝑡1, 𝑡2, where
𝑡2 ≥ 𝑡1. This in turn implies that

||Φ(𝑡 + 𝜏, 𝑡)||𝐹 ≤ 𝜙, ∀ 𝑡 ≥ 𝑡0,||Φ(𝑡 + 𝜏, 𝑡 + 𝜂 + 𝜏)||𝐹 ≤ 𝜙, ∀ 𝑡 ≥ 𝑡0, −𝜏 ≤ 𝜂 ≤ 0. (30)

Furthermore, the state transition matrix can be defined by the
so-called fundamental matrix 𝑋(𝑡) of (28) as

Φ(𝑡 + 𝜏, 𝑡) = 𝑋(𝑡 + 𝜏)𝑋(𝑡)−1, (31)

where 𝑋(𝑡) is non-singular for all 𝑡 ≥ 𝑡0 [21], and satisfies 𝑋̇(𝑡) =
𝐴(𝑡)𝑋(𝑡). Denoting 𝐴(𝑡) ≜ (𝐴𝑟 + 𝐵𝑝𝐻

𝑇 (𝑡)), and differentiating
(31) yields

Φ̇(𝑡 + 𝜏, 𝑡) = 𝑋̇(𝑡 + 𝜏)𝑋(𝑡)−1 +𝑋(𝑡 + 𝜏) d
d𝑡
𝑋(𝑡)−1

= 𝑋̇(𝑡 + 𝜏)𝑋(𝑡)−1 −𝑋(𝑡 + 𝜏)𝑋(𝑡)−1𝑋̇(𝑡)𝑋(𝑡)−1

= 𝐴(𝑡 + 𝜏)Φ(𝑡 + 𝜏, 𝑡) − Φ(𝑡 + 𝜏, 𝑡)𝐴(𝑡). (32)

Since the boundedness of 𝐻𝑇 (𝑡) ≜ −Λ𝐾̃𝑥(𝑡) follows from
Lemma 1, then 𝐴(𝑡) is also bounded. Together with (30), this
shows that all the terms in (32) are bounded, which implies that
there exists 𝜙̇ ∈ ℝ+ such that

||Φ̇(𝑡 + 𝜏, 𝑡)||𝐹 ≤ 𝜙̇, ∀ 𝑡 ≥ 𝑡0,||Φ̇(𝑡 + 𝜏, 𝑡 + 𝜂 + 𝜏)||𝐹 ≤ 𝜙̇, ∀ 𝑡 ≥ 𝑡0, −𝜏 ≤ 𝜂 ≤ 0. (33)
◽

Remark 3. It follows from Lemma 1 that 𝐾̃(𝑡), 𝜆̂(𝑡), ̇̃𝐾(𝑡) and
̇̂
𝜆(𝑡) are bounded, which implies the boundedness of 𝐻(𝑡), Λ2(𝑡),
𝐻̇(𝑡) and Λ̇2(𝑡). Therefore, there exist ℎ ∈ ℝ+, ℎ̇ ∈ ℝ+, 𝛽3 ∈ ℝ+
and 𝛽̇3 ∈ ℝ+ such that ||𝐻(𝑡)|| ≤ ℎ, ||𝐻̇(𝑡)|| ≤ ℎ̇, ||Λ2(𝑡)||𝐹 ≤ 𝛽3
and ||Λ̇2(𝑡)||𝐹 ≤ 𝛽̇3 for all 𝑡 ≥ 𝑡0. The latter implies that ||𝜆∗3(𝑡)|| ≤
𝛽3 and ||𝜆̇∗3(𝑡)|| ≤ 𝛽̇3. Moreover, as 𝜆̂𝑚𝑖𝑛𝑖 > 0 for 𝑖 = 1, . . . , 𝑚,
there exists 𝛽2 ∈ ℝ+ such that ||Λ−1

2 (𝑡)||𝐹 ≤ 𝛽2. And since dΛ−1
2

d𝑡
=

−Λ−1
2 Λ̇2Λ−1

2 , then there exists 𝛽̇2 ∈ ℝ+ such that || dΛ−1
2

d𝑡
||𝐹 ≤ 𝛽̇2.

This implies that ||𝜆∗2(𝑡)|| ≤ 𝛽2 and ||𝜆̇∗2(𝑡)|| ≤ 𝛽̇2 for all 𝑡 ≥ 𝑡0.

Remark 4. Together with Remark 3, the bounds (30) and (33),
established in Lemma 2, show that all the terms of the ideal val-
ues (22) and their time derivatives are bounded. Hence, there
exist 𝜙1, 𝜙̇1, 𝜙2, 𝜙̇2 ∈ ℝ+ such that ||Φ∗

1(𝑡)||𝐹 ≤ 𝜙1, ||Φ̇∗
1(𝑡)||𝐹 ≤ 𝜙̇1

for all 𝑡 ≥ 𝑡0, and ||Φ∗
2(𝑡, 𝜂)||𝐹 ≤ 𝜙2, ||Φ̇∗

2(𝑡, 𝜂)||𝐹 ≤ 𝜙̇2 for all 𝑡 ≥ 𝑡0,
−𝜏 ≤ 𝜂 ≤ 0.

Theorem 1. Consider the uncertain dynamical system given
by (2), the adaptive controller given by (5), (7) and (10), and the
adaptive human pilot model given by (14), (19), (20), (21) and
(27). Then, there exists 𝜏∗ ∈ ℝ+ such that for all 𝜏 ∈ [0, 𝜏∗], the
solution (𝑒𝑦(𝑡), 𝜆̃2(𝑡), 𝜆̃3(𝑡), Φ̃1(𝑡), Φ̃2(𝑡, 𝜂)) remains bounded for all
𝑡 ≥ 𝑡0 and converges to the compact set defined in (59). Further-
more, all closed-loop signals are bounded.

Proof. Consider the Lyapunov–Krasovskii functional

𝑉2 = 𝑒𝑇
𝑦
(𝑡)𝑃2𝑒𝑦(𝑡) + 𝛾−1

3 𝜆̃
𝑇

3 (𝑡)𝜆̃3(𝑡)

+ 𝛾−1
2 𝜆̃

𝑇

2 (𝑡)Λ2(𝑡)𝜆̃2(𝑡) + ∫
0

−𝜏∫
𝑡

𝑡+𝜈

̇̃𝜆
𝑇

2 (𝜉)
̇̃𝜆2(𝜉)d𝜉d𝜈

+ 𝛾−1
𝜙1

Tr{Φ̃𝑇

1 (𝑡)Φ̃1(𝑡)} + ∫
0

−𝜏∫
𝑡

𝑡+𝜈
Tr{ ̇̃Φ

𝑇

1 (𝜉)
̇̃Φ1(𝜉)}d𝜉d𝜈

+ 𝛾−1
𝜙2 ∫

0

−𝜏
Tr{Φ̃𝑇

2 (𝑡, 𝜂)Φ̃2(𝑡, 𝜂)}d𝜂

+ ∫
0

−𝜏∫
𝑡

𝑡+𝜈∫
0

−𝜏
Tr{ ̇̃Φ

𝑇

2 (𝜉, 𝜂)
̇̃Φ2(𝜉, 𝜂)}d𝜂d𝜉d𝜈. (34)

For brevity, we define

𝑊 (𝑡) ≜ ∫
0

−𝜏∫
𝑡

𝑡+𝜈

̇̃𝜆
𝑇

2 (𝜉)
̇̃𝜆2(𝜉)d𝜉d𝜈 + ∫

0

−𝜏∫
𝑡

𝑡+𝜈
Tr{ ̇̃Φ

𝑇

1 (𝜉)
̇̃Φ1(𝜉)}d𝜉d𝜈

+ ∫
0

−𝜏∫
𝑡

𝑡+𝜈∫
0

−𝜏
Tr{ ̇̃Φ

𝑇

2 (𝜉, 𝜂)
̇̃Φ2(𝜉, 𝜂)}d𝜂d𝜉d𝜈, (35)

where

𝑊̇ (𝑡) = 𝜏 ̇̃𝜆
𝑇

2 (𝑡)
̇̃𝜆2(𝑡) − ∫

0

−𝜏

̇̃𝜆
𝑇

2 (𝑡 + 𝜈) ̇̃𝜆2(𝑡 + 𝜈)d𝜈

+ 𝜏Tr
{

̇̃Φ
𝑇

1 (𝑡)
̇̃Φ1(𝑡)

}
− ∫

0

−𝜏
Tr{ ̇̃Φ

𝑇

1 (𝑡 + 𝜈) ̇̃Φ1(𝑡 + 𝜈)}d𝜈

+ 𝜏∫
0

−𝜏
Tr{ ̇̃Φ

𝑇

2 (𝑡, 𝜂)
̇̃Φ2(𝑡, 𝜂)}d𝜂

− ∫
0

−𝜏∫
0

−𝜏
Tr{ ̇̃Φ

𝑇

2 (𝑡 + 𝜈, 𝜂) ̇̃Φ2(𝑡 + 𝜈, 𝜂)}d𝜂d𝜈. (36)

Differentiating (34) along the trajectories (26) and (27), and using
(36), we obtain that

𝑉̇ 2 = −𝑒𝑇
𝑦
(𝑡)𝑄2𝑒𝑦(𝑡) − 2𝜆̃𝑇3 (𝑡)diag(𝐿𝑟Δ𝑦(𝑡 − 𝜏))𝐵𝑇

𝑝
𝑃2𝑒𝑦(𝑡)

+ 2𝜆̃𝑇2 (𝑡 − 𝜏)Λ2(𝑡)diag(𝐿𝑟(𝑡 − 𝜏))𝐵𝑇
𝑝
𝑃2𝑒𝑦(𝑡)

+ 2𝑒𝑇
𝑦
(𝑡)𝑃2𝐵𝑝𝐿𝑟Φ̃1(𝑡 − 𝜏)𝑥𝑝(𝑡 − 𝜏)

+ 2𝑒𝑇
𝑦
(𝑡)𝑃2𝐵𝑝𝐿𝑟∫

0

−𝜏
Φ̃2(𝑡 − 𝜏, 𝜂)𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)d𝜂

+ 2𝛾−1
3 𝜆̃

𝑇

3 (𝑡)
̇̃𝜆3(𝑡)

+ 2𝛾−1
𝜙1

Tr{ ̇̃Φ
𝑇

1 (𝑡)Φ̃1(𝑡)}

+ 2𝛾−1
2 𝜆̃

𝑇

2 (𝑡)Λ2(𝑡) ̇̃𝜆2(𝑡)

+ 𝛾−1
2 𝜆̃

𝑇

2 (𝑡)Λ̇2(𝑡)𝜆̃2(𝑡)

+ 2𝛾−1
𝜙2 ∫

0

−𝜏
Tr{ ̇̃Φ

𝑇

2 (𝑡, 𝜂)Φ̃2(𝑡, 𝜂)}d𝜂 + 𝑊̇ (𝑡). (37)

Using the fact that 𝑔(𝑡 − 𝜏) = 𝑔(𝑡) − ∫ 0
−𝜏 𝑔̇(𝑡 + 𝜈)d𝜈 for 𝜆̃

𝑇

2 (𝑡 −
𝜏), Φ̃1(𝑡 − 𝜏) and Φ̃2(𝑡 − 𝜏, 𝜂), and decomposing ̇̃𝜆2(𝑡) =

̇̂
𝜆2(𝑡) −

𝜆̇
∗
2(𝑡),

̇̃𝜆3(𝑡) =
̇̂
𝜆3(𝑡) − 𝜆̇

∗
3(𝑡),

̇̃Φ1(𝑡) =
̇̂Φ1(𝑡) − Φ̇∗

1(𝑡) and ̇̃Φ2(𝑡, 𝜂) =
̇̂Φ2(𝑡, 𝜂) − Φ̇∗

2(𝑡, 𝜂), we get

𝑉̇ 2 = −𝑒𝑇
𝑦
(𝑡)𝑄2𝑒𝑦(𝑡) − 2𝜆̃𝑇3 (𝑡)diag(𝐿𝑟Δ𝑦(𝑡 − 𝜏))𝐵𝑇

𝑝
𝑃2𝑒𝑦(𝑡)

+ 2𝜆̃𝑇2 (𝑡)Λ2(𝑡)diag(𝐿𝑟(𝑡 − 𝜏))𝐵𝑇
𝑝
𝑃2𝑒𝑦(𝑡)

− 2
(
∫

0

−𝜏

̇̃𝜆
𝑇

2 (𝑡 + 𝜈)d𝜈
)
Λ2(𝑡)diag(𝐿𝑟(𝑡 − 𝜏))𝐵𝑇

𝑝
𝑃2𝑒𝑦(𝑡)

+ 2𝑒𝑇
𝑦
(𝑡)𝑃2𝐵𝑝𝐿𝑟

[
Φ̃1(𝑡)𝑥𝑝(𝑡 − 𝜏) −

(
∫

0

−𝜏

̇̃Φ1(𝑡 + 𝜈)d𝜈
)
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𝑥𝑝(𝑡 − 𝜏) + ∫
0

−𝜏
Φ̃2(𝑡, 𝜂)𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)d𝜂

−∫
0

−𝜏

(
∫

0

−𝜏

̇̃Φ2(𝑡 + 𝜈, 𝜂)d𝜈
)
𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)d𝜂

]
+ 2𝛾−1

3 𝜆̃
𝑇

3 (𝑡)
̇̂
𝜆3(𝑡) − 2𝛾−1

3 𝜆̃
𝑇

3 (𝑡)𝜆̇
∗
3(𝑡) + 2𝛾−1

2 𝜆̃
𝑇

2 (𝑡)Λ2(𝑡)
̇̂
𝜆2(𝑡)

− 2𝛾−1
2 𝜆̃

𝑇

2 (𝑡)Λ2(𝑡)𝜆̇
∗
2(𝑡)

+ 𝛾−1
2 𝜆̃

𝑇

2 (𝑡)Λ̇2(𝑡)𝜆̃2(𝑡) + 2𝛾−1
𝜙1

Tr{ ̇̂Φ
𝑇

1 (𝑡)Φ̃1(𝑡)}

− 2𝛾−1
𝜙1

Tr
{
Φ̇∗𝑇

1 (𝑡)Φ̃1(𝑡)
}

+ 2𝛾−1
𝜙2 ∫

0

−𝜏
Tr{ ̇̂Φ

𝑇

2 (𝑡, 𝜂)Φ̃2(𝑡, 𝜂)}d𝜂 − 2𝛾−1
𝜙2

∫
0

−𝜏
Tr{Φ̇∗𝑇

2 (𝑡, 𝜂)Φ̃2(𝑡, 𝜂)}d𝜂 + 𝑊̇ (𝑡). (38)

Defining

𝑁∗(𝑡) ≜𝛾−1
2 𝜆̃

𝑇

2 (𝑡)Λ̇2(𝑡)𝜆̃2(𝑡) − 2𝛾−1
2 𝜆̃

𝑇

2 (𝑡)Λ2(𝑡)𝜆̇
∗
2(𝑡)

− 2𝛾−1
3 𝜆̃

𝑇

3 (𝑡)𝜆̇
∗
3(𝑡) − 2𝛾−1

𝜙1
Tr

{
Φ̇∗𝑇

1 (𝑡)Φ̃1(𝑡)
}

− 2𝛾−1
𝜙2 ∫

0

−𝜏
Tr{Φ̇∗𝑇

2 (𝑡, 𝜂)Φ̃2(𝑡, 𝜂)}d𝜂, (39)

using Tr(𝐴𝐵) = Tr(𝐵𝐴) and rearranging, we get

𝑉̇ 2 = −𝑒𝑇
𝑦
(𝑡)𝑄2𝑒𝑦(𝑡) +𝑁∗(𝑡) + 𝑊̇ (𝑡)

+ 2𝜆̃𝑇3 (𝑡)
(
−diag(𝐿𝑟Δ𝑦(𝑡 − 𝜏))𝐵𝑇

𝑝
𝑃2𝑒𝑦(𝑡) + 𝛾−1

3
̇̂
𝜆3(𝑡)

)
+ 2𝜆̃𝑇2 (𝑡)Λ2(𝑡)

(
diag(𝐿𝑟(𝑡 − 𝜏))𝐵𝑇

𝑝
𝑃2𝑒𝑦(𝑡) + 𝛾−1

2
̇̂
𝜆2(𝑡)

)
+ 2Tr

{
Φ̃1(𝑡)

(
𝑥𝑝(𝑡 − 𝜏)𝑒𝑇

𝑦
(𝑡)𝑃2𝐵𝑝𝐿𝑟 + 𝛾−1

𝜙1

̇̂Φ
𝑇

1 (𝑡)
)}

+ 2∫
0

−𝜏
Tr
{
Φ̃2(𝑡, 𝜂)

(
𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)𝑒𝑇

𝑦
(𝑡)𝑃2𝐵𝑝𝐿𝑟

+𝛾−1
𝜙2

̇̂Φ
𝑇

2 (𝑡, 𝜂)
)}

d𝜂

− 2∫
0

−𝜏

̇̃𝜆
𝑇

2 (𝑡 + 𝜈)Λ2(𝑡)diag(𝐿𝑟(𝑡 − 𝜏))𝐵𝑇
𝑝
𝑃2𝑒𝑦(𝑡)d𝜈

− 2∫
0

−𝜏
Tr{ ̇̃Φ1(𝑡 + 𝜈)𝑥𝑝(𝑡 − 𝜏)𝑒𝑇

𝑦
(𝑡)𝑃2𝐵𝑝𝐿𝑟}d𝜈

− 2∫
0

−𝜏∫
0

−𝜏
Tr{ ̇̃Φ2(𝑡 + 𝜈, 𝜂)𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)

𝑒𝑇
𝑦
(𝑡)𝑃2𝐵𝑝𝐿𝑟}d𝜈d𝜂. (40)

Substituting the adaptive laws (27) in (40) yields

𝑉̇ 2 = −𝑒𝑇
𝑦
(𝑡)𝑄2𝑒𝑦(𝑡) +𝑁∗(𝑡) + 𝑊̇ (𝑡)

+ 2𝜆̃𝑇3 (𝑡)
(
Proj(𝜆̂3(𝑡), 𝑌3(𝑡)) − 𝑌3(𝑡)

)
+ 2𝜆̃𝑇2 (𝑡)Λ2(𝑡)

(
Proj(𝜆̂2(𝑡), 𝑌2(𝑡)) − 𝑌2(𝑡)

)
+ 2Tr

{
Φ̃1(𝑡)

(
Proj(Φ̂1(𝑡), 𝑌𝜙1

(𝑡)) − 𝑌𝜙1
(𝑡)
)}

+ 2∫
0

−𝜏
Tr{Φ̃2(𝑡, 𝜂)

(
Proj(Φ̂2(𝑡, 𝜂), 𝑌𝜙2

(𝑡, 𝜂))

−𝑌𝜙2
(𝑡, 𝜂)

)
}d𝜂

+ 2∫
0

−𝜏

̇̃𝜆
𝑇

2 (𝑡 + 𝜈)Λ2(𝑡)𝑌2(𝑡)d𝜈

+ 2∫
0

−𝜏
Tr{ ̇̃Φ1(𝑡 + 𝜈)𝑌𝜙1

(𝑡)}d𝜈

+ 2∫
0

−𝜏∫
0

−𝜏
Tr{ ̇̃Φ2(𝑡 + 𝜈, 𝜂)𝑌𝜙2

(𝑡, 𝜂)}d𝜈d𝜂, (41)

where
𝑌2(𝑡) ≜ −diag(𝐿𝑟(𝑡 − 𝜏))𝐵𝑇

𝑝
𝑃2𝑒𝑦(𝑡),

𝑌3(𝑡) ≜ diag(𝐿𝑟Δ𝑦(𝑡 − 𝜏))𝐵𝑇
𝑝
𝑃2𝑒𝑦(𝑡),

𝑌𝜙1
(𝑡) ≜ −𝑥𝑝(𝑡 − 𝜏)𝑒𝑇

𝑦
(𝑡)𝑃2𝐵𝑝𝐿𝑟,

𝑌𝜙2
(𝑡, 𝜂) ≜ −𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)𝑒𝑇

𝑦
(𝑡)𝑃2𝐵𝑝𝐿𝑟. (42)

Using the projection property (𝜃𝑖,𝑗 − 𝜃∗
𝑖,𝑗
)(Proj(𝜃𝑖,𝑗 , 𝑌𝑖,𝑗) − 𝑌𝑖,𝑗) ≤ 0

[17], and the fact that Λ2(𝑡) is diagonal positive definite, it follows
from (41) that

𝑉̇ 2 ≤ −𝑒𝑇
𝑦
(𝑡)𝑄2𝑒𝑦(𝑡) +𝑁∗(𝑡) + 𝑊̇ (𝑡)

+ 2∫
0

−𝜏

̇̃𝜆
𝑇

2 (𝑡 + 𝜈)Λ2(𝑡)𝑌2(𝑡)d𝜈

+ 2∫
0

−𝜏
Tr{ ̇̃Φ1(𝑡 + 𝜈)𝑌𝜙1

(𝑡)}d𝜈

+ 2∫
0

−𝜏∫
0

−𝜏
Tr{ ̇̃Φ2(𝑡 + 𝜈, 𝜂)𝑌𝜙2

(𝑡, 𝜂)}d𝜈d𝜂.

Using the algebraic inequality Tr{2𝐴𝑇𝐵} ≤ Tr{𝐴𝑇𝐴 + 𝐵𝑇𝐵}, we
obtain that

𝑉̇ 2 ≤ −𝑒𝑇
𝑦
(𝑡)𝑄2𝑒𝑦(𝑡) +𝑁∗(𝑡) + 𝑊̇ (𝑡)

+ ∫
0

−𝜏

̇̃𝜆
𝑇

2 (𝑡 + 𝜈) ̇̃𝜆2(𝑡 + 𝜈)d𝜈

+ ∫
0

−𝜏
𝑌 𝑇

2 (𝑡)Λ2(𝑡)Λ2(𝑡)𝑌2(𝑡)d𝜈

+ ∫
0

−𝜏
Tr{ ̇̃Φ

𝑇

1 (𝑡 + 𝜈) ̇̃Φ1(𝑡 + 𝜈)}d𝜈

+ ∫
0

−𝜏
Tr{𝑌 𝑇

𝜙1
(𝑡)𝑌𝜙1

(𝑡)}d𝜈

+ ∫
0

−𝜏∫
0

−𝜏
Tr{ ̇̃Φ

𝑇

2 (𝑡 + 𝜈, 𝜂) ̇̃Φ2(𝑡 + 𝜈, 𝜂)}d𝜈d𝜂

+ ∫
0

−𝜏∫
0

−𝜏
Tr{𝑌 𝑇

𝜙2
(𝑡, 𝜂)𝑌𝜙2

(𝑡, 𝜂)}d𝜈d𝜂. (43)

Substituting (36) in (43) yields

𝑉̇ 2 ≤ −𝑒𝑇
𝑦
(𝑡)𝑄2𝑒𝑦(𝑡) +𝑁∗(𝑡)

+ 𝜏𝑌 𝑇
2 (𝑡)Λ2(𝑡)Λ2(𝑡)𝑌2(𝑡)

+ 𝜏Tr{𝑌 𝑇
𝜙1
(𝑡)𝑌𝜙1

(𝑡)}

+ 𝜏∫
0

−𝜏
Tr{𝑌 𝑇

𝜙2
(𝑡, 𝜂)𝑌𝜙2

(𝑡, 𝜂)}d𝜂

+ 𝜏 ̇̃𝜆
𝑇

2 (𝑡)
̇̃𝜆2(𝑡)

+ 𝜏Tr
{

̇̃Φ
𝑇

1 (𝑡)
̇̃Φ1(𝑡)

}
+ 𝜏∫

0

−𝜏
Tr{ ̇̃Φ

𝑇

2 (𝑡, 𝜂)
̇̃Φ2(𝑡, 𝜂)}d𝜂. (44)
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Using the algebraic inequality

Tr
{

̇̃Φ
𝑇

1 (𝑡)
̇̃Φ1(𝑡)

}
= Tr

{
̇̂Φ
𝑇

1 (𝑡)
̇̂Φ1(𝑡)

}
+ Tr

{
Φ̇∗𝑇

1 (𝑡)Φ̇∗
1(𝑡)

}
− 2Tr

{
̇̂Φ
𝑇

(𝑡)Φ̇∗(𝑡)
}

≤ 2Tr{ ̇̂Φ
𝑇

1 (𝑡)
̇̂Φ1(𝑡)} + 2Tr

{
Φ̇∗𝑇

1 (𝑡)Φ̇∗
1(𝑡)

}
,

for the last three terms in (44), one can write

𝑉̇ 2 ≤ −𝑒𝑇
𝑦
(𝑡)𝑄2𝑒𝑦(𝑡) +𝑁∗(𝑡) + 𝜏𝑌 𝑇

2 (𝑡)Λ2(𝑡)Λ2(𝑡)𝑌2(𝑡)

+ 𝜏Tr{𝑌 𝑇
𝜙1
(𝑡)𝑌𝜙1

(𝑡)} + 𝜏∫
0

−𝜏
Tr{𝑌 𝑇

𝜙2
(𝑡, 𝜂)𝑌𝜙2

(𝑡, 𝜂)}d𝜂

+ 2𝜏 ̇̂
𝜆
𝑇

2 (𝑡)
̇̂
𝜆2(𝑡) + 2𝜏𝜆̇∗𝑇2 (𝑡)𝜆̇∗2(𝑡)

+ 2𝜏Tr{ ̇̂Φ
𝑇

1 (𝑡)
̇̂Φ1(𝑡)} + 2𝜏Tr

{
Φ̇∗𝑇

1 (𝑡)Φ̇∗
1(𝑡)

}
+ 2𝜏∫

0

−𝜏
Tr

{
̇̂Φ
𝑇

2 (𝑡, 𝜂)
̇̂Φ2(𝑡, 𝜂)

}
d𝜂

+ 2𝜏∫
0

−𝜏
Tr

{
Φ̇∗𝑇

2 (𝑡, 𝜂)Φ̇∗
2(𝑡, 𝜂)

}
d𝜂. (45)

Let 𝑌2(𝑡) = [𝑎1(𝑡), . . . , 𝑎𝑚(𝑡)]𝑇 and Λ2(𝑡) = diag([𝑏1(𝑡), . . . , 𝑏𝑚(𝑡)])
for some 𝑎𝑖(𝑡) ∈ ℝ, 𝑏𝑖(𝑡) ∈ ℝ+, for 𝑖 = 1, . . . , 𝑚. Since Λ2(𝑡),
defined in (12), is shown to be bounded in Remark 3, then 𝑏𝑖(𝑡) ≤
𝜆𝑖,𝑖𝜆̂𝑚𝑎𝑥𝑖 for all 𝑡 ≥ 𝑡0, 𝑖 = 1, . . . , 𝑚, where 𝜆𝑖,𝑖 is the 𝑖𝑡ℎ diagonal
element of Λ, and 𝜆̂𝑚𝑎𝑥𝑖 is the 𝑖𝑡ℎ projection upper bound of 𝜆̂(𝑡)
in (10b). Then, one can write

𝑌 𝑇
2 (𝑡)Λ2(𝑡)Λ2(𝑡)𝑌2(𝑡) = 𝑏2

1(𝑡)𝑎
2
1(𝑡) + · · · + 𝑏2

𝑚
(𝑡)𝑎2

𝑚
(𝑡)

≤ 𝜇(𝑎2
1(𝑡) + · · · + 𝑎2

𝑚
(𝑡)) = 𝜇𝑌 𝑇

2 (𝑡)𝑌2(𝑡),
(46)

where 𝜇 ≜ max𝑖 (𝜆𝑖,𝑖𝜆̂𝑚𝑎𝑥𝑖 )
2. Furthermore, using the property that

the projection operator bounds an adaptive parameter in a
compact set, then from the element-wise projection operator’s
definition in [17], it can be shown that

Tr{ ̇̂Φ
𝑇

1 (𝑡)
̇̂Φ1(𝑡)} ≤ 𝛾2

𝜙1
Tr{𝑌 𝑇

𝜙1
(𝑡)𝑌𝜙1

(𝑡)}. (47)

Using (46) and (47) in (45), we obtain that

𝑉̇ 2 ≤ −𝑒𝑇
𝑦
(𝑡)𝑄2𝑒𝑦(𝑡) +𝑁∗(𝑡)

+ 𝜏(𝜇 + 2𝛾2
2 )𝑌

𝑇
2 (𝑡)𝑌2(𝑡) + 𝜏(1 + 2𝛾2

𝜙1
)Tr{𝑌 𝑇

𝜙1
(𝑡)𝑌𝜙1

(𝑡)}

+ 𝜏(1 + 2𝛾2
𝜙2
)∫

0

−𝜏
Tr{𝑌 𝑇

𝜙2
(𝑡, 𝜂)𝑌𝜙2

(𝑡, 𝜂)}d𝜂

+ 2𝜏𝜆̇∗𝑇2 (𝑡)𝜆̇∗2(𝑡) + 2𝜏Tr
{
Φ̇∗𝑇

1 (𝑡)Φ̇∗
1(𝑡)

}
+ 2𝜏∫

0

−𝜏
Tr

{
Φ̇∗𝑇

2 (𝑡, 𝜂)Φ̇∗
2(𝑡, 𝜂)

}
d𝜂. (48)

Using the property Tr{𝑌 𝑇 𝑌 } = ||𝑌 ||2
𝐹

for a matrix 𝑌 , we can
rewrite (48) as

𝑉̇ 2 ≤ −𝑒𝑇
𝑦
(𝑡)𝑄2𝑒𝑦(𝑡) +𝑁∗(𝑡)

+ 𝜏(𝜇 + 2𝛾2
2 )||𝑌2(𝑡)||2 + 𝜏(1 + 2𝛾2

𝜙1
)||𝑌𝜙1

(𝑡)||2
𝐹

+ 𝜏(1 + 2𝛾2
𝜙2
)∫

0

−𝜏
||𝑌𝜙2

(𝑡, 𝜂)||2
𝐹

d𝜂

+ 2𝜏𝜆̇∗𝑇2 (𝑡)𝜆̇∗2(𝑡) + 2𝜏Tr
{
Φ̇∗𝑇

1 (𝑡)Φ̇∗
1(𝑡)

}
+ 2𝜏∫

0

−𝜏
Tr

{
Φ̇∗𝑇

2 (𝑡, 𝜂)Φ̇∗
2(𝑡, 𝜂)

}
d𝜂. (49)

Substituting (42) into (49), yields

𝑉̇ 2 ≤ −𝜆𝑚𝑖𝑛(𝑄2)||𝑒𝑦(𝑡)||2 +𝑁∗(𝑡)

+ 𝜏(𝜇 + 2𝛾2
2 )||diag(𝐿𝑟(𝑡 − 𝜏))||2||𝑃2𝐵𝑝||2||𝑒𝑦(𝑡)||2

+ 𝜏(1 + 2𝛾2
𝜙1
)||𝑥𝑝(𝑡 − 𝜏)||2||𝑒𝑦(𝑡)||2||𝑃2𝐵𝑝𝐿𝑟||2𝐹

+ 𝜏(1 + 2𝛾2
𝜙2
)∫

0

−𝜏
||𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)||2||𝑒𝑦(𝑡)||2||𝑃2𝐵𝑝𝐿𝑟||2𝐹 d𝜂

+ 2𝜏𝜆̇∗𝑇2 (𝑡)𝜆̇∗2(𝑡) + 2𝜏Tr
{
Φ̇∗𝑇

1 (𝑡)Φ̇∗
1(𝑡)

}
+ 2𝜏∫

0

−𝜏
Tr

{
Φ̇∗𝑇

2 (𝑡, 𝜂)Φ̇∗
2(𝑡, 𝜂)

}
d𝜂. (50)

Substituting (39) for 𝑁∗(𝑡) in (50), yields

𝑉̇ 2 ≤ −𝜆𝑚𝑖𝑛(𝑄2)||𝑒𝑦(𝑡)||2 + 𝜏(𝜇 + 2𝛾2
2 )||diag(𝐿𝑟(𝑡 − 𝜏))||2||𝑃2𝐵𝑝||2||𝑒𝑦(𝑡)||2

+ 𝜏(1 + 2𝛾2
𝜙1
)||𝑥𝑝(𝑡 − 𝜏)||2||𝑒𝑦(𝑡)||2||𝑃2𝐵𝑝𝐿𝑟||2𝐹

+ 𝜏(1 + 2𝛾2
𝜙2
)∫

0

−𝜏
||𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)||2

||𝑒𝑦(𝑡)||2||𝑃2𝐵𝑝𝐿𝑟||2𝐹 d𝜂

+ 2𝜏𝜆̇∗𝑇2 (𝑡)𝜆̇∗2(𝑡) + 2𝜏Tr
{
Φ̇∗𝑇

1 (𝑡)Φ̇∗
1(𝑡)

}
+ 2𝜏∫

0

−𝜏
Tr

{
Φ̇∗𝑇

2 (𝑡, 𝜂)Φ̇∗
2(𝑡, 𝜂)

}
d𝜂

+ 𝛾−1
2 𝜆̃

𝑇

2 (𝑡)Λ̇2(𝑡)𝜆̃2(𝑡) − 2𝛾−1
2 𝜆̃

𝑇

2 (𝑡)Λ2(𝑡)𝜆̇
∗
2(𝑡)

− 2𝛾−1
3 𝜆̃

𝑇

3 (𝑡)𝜆̇
∗
3(𝑡) − 2𝛾−1

𝜙1
Tr

{
Φ̇∗𝑇

1 (𝑡)Φ̃1(𝑡)
}

− 2𝛾−1
𝜙2 ∫

0

−𝜏
Tr{Φ̇∗𝑇

2 (𝑡, 𝜂)Φ̃2(𝑡, 𝜂)}d𝜂. (51)

Using Remarks 3 and 4, and denoting 𝑝 ≜
max(||𝑃2𝐵𝑝||2, ||𝑃2𝐵𝑝𝐿𝑟||2𝐹 ), yields

𝑉̇ 2 ≤ − 𝜆𝑚𝑖𝑛(𝑄2)||𝑒𝑦(𝑡)||2 + 𝜏𝑝(𝜇 + 2𝛾2
2 )||diag(𝐿𝑟(𝑡 − 𝜏))||2||𝑒𝑦(𝑡)||2

+ 𝜏𝑝(1 + 2𝛾2
𝜙1
)||𝑥𝑝(𝑡 − 𝜏)||2||𝑒𝑦(𝑡)||2

+ 𝜏𝑝(1 + 2𝛾2
𝜙2
)∫

0

−𝜏
||𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)||2||𝑒𝑦(𝑡)||2d𝜂

+ 2𝜏𝛽̇2
2 + 2𝜏𝜙̇2

1 + 2𝜏2𝜙̇
2
2 + 𝛾−1

2 𝛽
2
2𝛽̇3 + 2𝛾−1

2 𝛽2𝛽3𝛽̇2

+ 2𝛾−1
3 𝛽3𝛽̇3 + 2𝛾−1

𝜙1
𝜙̇1𝜙̃1 + 2𝛾−1

𝜙2
𝜏𝜙̇2𝜙̃2, (52)

where 𝛽2 ≜ ||𝜆̂2𝑚𝑎𝑥|| + 𝛽2, 𝛽3 ≜ ||𝜆̂3𝑚𝑎𝑥|| + 𝛽3, 𝜙̃1 ≜ ||Φ̂1𝑚𝑎𝑥|| + 𝜙1,
and 𝜙̃2 ≜ ||Φ̂2𝑚𝑎𝑥|| + 𝜙2. Defining 𝑞 ≜ 𝜆𝑚𝑖𝑛(𝑄2)∕𝑝, and rearrang-
ing, one can rewrite (52) as

𝑉̇ 2 ≤ 𝑝||𝑒𝑦(𝑡)||2( −𝑞 + 𝜏

{
(𝜇 + 2𝛾2

2 )||diag(𝐿𝑟(𝑡 − 𝜏))||2
+ (1 + 2𝛾2

𝜙1
)||𝑥𝑝(𝑡 − 𝜏)||2 + (1 + 2𝛾2

𝜙2
)

∫
0

−𝜏
||𝐿𝑟𝑦ℎ(𝑡 + 𝜂 − 𝜏)||2d𝜂

})
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+ 2𝜏(𝛽̇2
2 + 𝜙̇

2
1 + 𝜏𝜙̇

2
2) + 𝛾−1

2 𝛽
2
2𝛽̇3 + 2𝛾−1

2 𝛽2𝛽3𝛽̇2

+ 2𝛾−1
3 𝛽3𝛽̇3 + 2𝛾−1

𝜙1
𝜙̇1𝜙̃1 + 2𝛾−1

𝜙2
𝜏𝜙̇2𝜙̃2. (53)

It follows from Lemma 1 that 𝑥𝑝(𝑡) is bounded, which implies that
there exists 𝛼1 ∈ ℝ+ such that ||𝑥𝑝(𝑡)||2 ≤ 𝛼1 for all 𝑡 ≥ 𝑡0. Since||𝑦ℎ(𝑡)|| ≤ ||𝑦𝑜|| for all 𝑡 ≥ 𝑡0 due to human input saturation, then
there exists 𝛼2 ∈ ℝ+ such that ||𝐿𝑟𝑦ℎ(𝑡)||2 ≤ 𝛼2 for all 𝑡 ≥ 𝑡0. In
addition, as 𝑟(𝑡) is bounded, then all the terms in (21) are bounded
due to the usage of the projection operator in (27), which implies
the boundedness of (𝑡) and hence the existence of 𝛼3 ∈ ℝ+ such
that ||diag(𝐿𝑟(𝑡))||2 ≤ 𝛼3 for all 𝑡 ≥ 𝑡0. Therefore, using (53), one
can write

𝑉̇ 2 ≤ 𝑝||𝑒𝑦(𝑡)||2(−𝑞 + 𝜏

{
(𝜇 + 2𝛾2

2 )𝛼3 + (1 + 2𝛾2
𝜙1
)𝛼1

+(1 + 2𝛾2
𝜙2
)𝜏𝛼2

})
+ 2𝜏(𝛽̇2

2 + 𝜙̇
2
1 + 𝜏𝜙̇

2
2) + 𝛾−1

2 𝛽
2
2𝛽̇3

+ 2𝛾−1
2 𝛽2𝛽3𝛽̇2 + 2𝛾−1

3 𝛽3𝛽̇3 + 2𝛾−1
𝜙1
𝜙̇1𝜙̃1

+ 2𝛾−1
𝜙2
𝜏𝜙̇2𝜙̃2. (54)

Then, there exists a small enough 𝜏∗ ∈ ℝ+ such that

𝜏∗
{
(𝜇 + 2𝛾2

2 )𝛼3 + (1 + 2𝛾2
𝜙1
)𝛼1 + (1 + 2𝛾2

𝜙2
)𝜏∗𝛼2

}
< 𝑞, (55)

which implies, from (54), that for any 𝜏 ∈ [0, 𝜏∗], 𝑉̇ 2 < 0 when-
ever ||𝑒𝑦(𝑡)||2 >

𝑧1

𝑧2
, (56)

where

𝑧1 ≜2𝜏(𝛽̇2
2 + 𝜙̇

2
1 + 𝜏𝜙̇

2
2) + 𝛾−1

2 𝛽
2
2𝛽̇3 + 2𝛾−1

2 𝛽2𝛽3𝛽̇2

+ 2𝛾−1
3 𝛽3𝛽̇3 + 2𝛾−1

𝜙1
𝜙̇1𝜙̃1 + 2𝛾−1

𝜙2
𝜏𝜙̇2𝜙̃2, (57)

𝑧2 ≜𝑝(𝑞 − 𝜏

{
(𝜇 + 2𝛾2

2 )𝛼3 + (1 + 2𝛾2
𝜙1
)𝛼1 + (1 + 2𝛾2

𝜙2
)𝜏𝛼2

})
.

(58)

Hence, for any 𝜏 ∈ [0, 𝜏∗], the solution
(𝑒𝑦(𝑡), 𝜆̃2(𝑡), 𝜆̃3(𝑡), Φ̃1(𝑡), Φ̃2(𝑡, 𝜂)) is bounded and converges to
the compact set

𝐸 ≜ {
(𝑒𝑦(𝑡), 𝜆̃2(𝑡), 𝜆̃3(𝑡), Φ̃1(𝑡), Φ̃2(𝑡, 𝜂)) ∶ ||𝑒𝑦(𝑡)||2

≤ 𝑧1

𝑧2
, ||𝜆̃2(𝑡)|| ≤ 𝛽2, ||𝜆̃3(𝑡)|| ≤ 𝛽3,

||Φ̃1(𝑡)|| ≤ 𝜙̃1, ||Φ̃2(𝑡, 𝜂)|| ≤ 𝜙̃2
}
. (59)

According to (14), since 𝑟(𝑡) is bounded, then so is 𝑥𝑚(𝑡). This with
the fact that 𝑥𝑝(𝑡) is bounded (by Lemma 1) imply the bounded-
ness of 𝑒2(𝑡). And since 𝑒𝑦(𝑡) = 𝑒2(𝑡) − 𝑒Δ(𝑡) is bounded, then 𝑒Δ(𝑡)
is also bounded, which implies by (25) that Δ𝑦(𝑡) is bounded and
completes the proof. ◽

Remark 5. While the existence of the upper bound on the time
delay 𝜏∗ is guaranteed, its value depends on the selection of the
outer-loop learning rates 𝛾𝑜𝑢𝑡 ≜ {𝛾2, 𝛾𝜙1

, 𝛾𝜙2
}. Note from (55) that

as larger values of 𝛾𝑜𝑢𝑡 are used, the allowable maximum time
delay 𝜏∗ becomes smaller. On the other hand, in the limit where

𝛾𝑜𝑢𝑡 → 0, which corresponds to no adaptation, 𝜏∗ approaches its
ultimate value 𝜏𝑚𝑎𝑥 satisfying

𝜏𝑚𝑎𝑥
(
𝜇𝛼3 + 𝛼1 + 𝜏𝑚𝑎𝑥𝛼2

)
< 𝑞. (60)

On the contrary, the ultimate bound 𝑧 ≜ 𝑧1∕𝑧2 on the error
𝑒𝑦(𝑡), which is defined by the set (59), (57) and (58), is inversely
proportional to the values of 𝛾𝑜𝑢𝑡. That is, to achieve a better
tracking performance, which corresponds to smaller values of
𝑧, the outer-loop learning rates 𝛾𝑜𝑢𝑡 should be selected as large
as possible. And in the limit where 𝛾𝑜𝑢𝑡 → ∞, the upper bound
𝑧 → 0. Therefore, given any delay value 𝜏 < 𝜏𝑚𝑎𝑥, the optimal
outer-loop learning rates 𝛾𝑜𝑢𝑡,𝑜𝑝𝑡 are the ones that satisfy 𝜏∗ = 𝜏.
A further increase in 𝛾𝑜𝑢𝑡 > 𝛾𝑜𝑢𝑡,𝑜𝑝𝑡 renders our stability analysis
inapplicable due to 𝜏 > 𝜏∗, while a decrease in 𝛾𝑜𝑢𝑡 < 𝛾𝑜𝑢𝑡,𝑜𝑝𝑡
allows for higher delay values to be tolerated at the expense of a
deteriorated tracking performance.

5 | Simulations

Consider the longitudinal motion of the 747 airplane cruising in
level flight at an altitude of 40 kft and a velocity of 774 ft/sec, the
perturbation equations of which are represented in the form of
(2). The state vector is

𝑥𝑝(𝑡) =
[
𝑥𝑝1(𝑡) 𝑥𝑝2(𝑡) 𝑥𝑝3(𝑡) 𝑥𝑝4(𝑡)

]𝑇
, (61)

where 𝑥𝑝1(𝑡) and 𝑥𝑝2(𝑡) are the components of the aircraft’s veloc-
ity (in ft/s) along the 𝑥 and 𝑧-axes, respectively, with respect to
the reference axis, 𝑥𝑝3(𝑡) is the aircraft’s pitch rate (in crad/s), and
𝑥𝑝4(𝑡) is the pitch angle of the aircraft (in crad). The control input
𝑢𝑝(𝑡) represents the elevator deflection (in crad). Under these con-
ditions, nominal dynamics are available in the form of (3), where
the nominal system and control input matrices are given as [22]

𝐴𝑛 =

⎡⎢⎢⎢⎢⎢⎣

−0.0030 0.0390 0 −0.3220
−0.0650 −0.3190 7.7400 0
0.0200 −0.1010 −0.4290 0

0 0 1 0

⎤⎥⎥⎥⎥⎥⎦
,

𝐵𝑝 =

⎡⎢⎢⎢⎢⎢⎣

0.0100
−0.1800
−1.1600

0

⎤⎥⎥⎥⎥⎥⎦
, (62)

with the eigenvalues at −0.3750 ± 0.8818𝑖 and −0.0005 ± 0.0674𝑖.
The control objective is for a pilot to be able to track a desired
trajectory. Particularly, the pilot controls the aircraft to achieve
a desired pitch angle 𝑦2(𝑡) = 𝑥𝑝4(𝑡). This is done by feeding pitch
rate commands through a joystick to the inner-loop, which con-
sists of a control augmentation system designed to track the
pilot’s pitch rate commands, that is, 𝑦1(𝑡) = 𝑥𝑝3(𝑡).

5.1 | Inner Loop: Adaptive Control
Augmentation System

The design of the inner-loop adaptive controller starts with the
determination of the nominal control law (4), which is used to
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define the reference model. Achieving pilot command follow-
ing by assigning the feed-forward gain 𝐿𝑟 as in (6) is not pos-
sible since the transfer function 𝑥𝑝3(𝑠)∕𝑢𝑝(𝑠) has a zero at the
origin. Instead, we design the inner-loop nominal controller by
assuming short-period approximation of the nominal dynamics,
given by

𝐴𝑠𝑝 =

[
−0.3190 7.7400
−0.1010 −0.4290

]
, 𝐵𝑠𝑝 =

[
−0.1800
−1.1600

]
, (63)

where the eigenvalues are at −0.3740 ± 0.8824𝑖, which makes a
good approximation of the fast dynamics of (62). Using (63), a
feedback gain 𝐿𝑠𝑝 is designed to place the short-period eigen-
values at −1.5 and −0.5. Then, the feed-forward gain is selected
as 𝐿𝑟 = −

(
𝐶𝑇
𝑠𝑝
(𝐴𝑠𝑝 − 𝐵𝑠𝑝𝐿𝑠𝑝)−1𝐵𝑠𝑝

)−1
, where 𝐶𝑠𝑝 = [0, 1]𝑇 . The

implementation of these values to the full longitudinal dynamics
is applied as in (4), where 𝐿𝑥 = [0, 𝐿𝑠𝑝, 0], allowing for the ref-
erence model (5) to be defined using 𝐴𝑟 = 𝐴𝑛 − 𝐵𝑝𝐿𝑥 and 𝐵𝑟 =
𝐵𝑝𝐿𝑟.

An adaptive controller is employed as in (7) and (10) to achieve
reference model following in the presence of uncertainty, where
the adaptive parameters are initialized at the nominal values
𝐾̂𝑥(0) = 𝐿𝑥 and 𝜆̂(0) = 1. Furthermore, the Lyapunov matrix is
selected as 𝑄1 = 0.01𝐼4×4, and the learning rates are set to 𝛾𝑥 =
diag([0.01, 0.001, 0.01, 0.01]) and 𝛾𝜆 = 0.001.

5.2 | Outer Loop: Adaptive Pilot Model

For the outer loop, the proposed adaptive human pilot model
is employed as in (14), (19), (20), (21), (25), and (27), where
manipulator limits of ±10 crad/s (i.e., 𝑦𝑜 = 10) are imposed on
the pilot’s input. Reflecting the overall nominal response, the
crossover-reference model (14) defines how a well-trained pilot
controls the aircraft under nominal circumstances, providing sat-
isfactory performance and adequate stability margins. While its
determination is application-dependent and can require experi-
mental analysis, to serve the purpose of this section, we define the
crossover-reference model using the LQR method by calculating
𝜃𝑥 using𝑄𝐿𝑄𝑅 = diag([0, 0.01, 0.6, 10]) and𝑅𝐿𝑄𝑅 = 0.6, with 𝜃𝑟
given in (15), and assigning 𝐴𝑚 = 𝐴𝑟 − 𝐵𝑟𝜃𝑥, and 𝐵𝑚 = 𝐵𝑟𝜃𝑟.

The time delay 𝜏 in the pilot’s response to visual stimuli can be
broken down into approximate components [14] constituting
the latency of the visual process (≈ 0.075 s), the motor nerve
conduction time (≈ 0.030 s), and the central processing time
(≈ 0.030 s). While exact values may vary depending on the pilot’s
attention, these average values are convenient for use in this
section, yielding a total delay of 𝜏 = 0.135 s in the pilot’s response.

The finite integral term in (21) and the adaptive law (27d) are
implemented by discretizing the integral into 5 intervals as illus-
trated in [23]. The outer-loop adaptive parameters are initialized
at the nominal values 𝜆̂2(0) = 𝜆̂3(0) = 1, Φ̂1(0) = −𝜃𝑥𝑒𝐴𝑟𝜏 , and
Φ̂2(0, 𝜂) = −𝜃𝑥𝑒−𝐴𝑟𝜂𝐵𝑝. This initialization implies that the pilot
initially starts with the nominal control law

𝑣𝑛(𝑡) = −𝜃𝑥𝑥𝑛(𝑡 + 𝜏) + 𝜃𝑟𝑟(𝑡), (64a)

𝑥𝑛(𝑡 + 𝜏) = 𝑒𝐴𝑟𝜏𝑥𝑝(𝑡) + ∫
0

−𝜏
𝑒−𝐴𝑟𝜂𝐵𝑟𝑦ℎ(𝑡 + 𝜂) d𝜂, (64b)

𝑦ℎ𝑛(𝑡) =

{
𝑣𝑛(𝑡), if |𝑣𝑛(𝑡)| ≤ 𝑦𝑜,

𝑦𝑜sgn(𝑣𝑛(𝑡)), if |𝑣𝑛(𝑡)| > 𝑦𝑜,
(64c)

which matches the crossover-reference model in the absence
of plant uncertainty and input saturation. Finally, the Lya-
punov matrix is selected as 𝑄2 = 0.01𝐼4×4, and the outer-
loop learning rates are set to 𝛾2 = 0.5, 𝛾3 = 1000, 𝛾𝜙1

=
diag([0.01, 0.01, 0.1, 0.1]), and 𝛾𝜙2

= 0.01.

5.3 | Failure Scenario

In the simulated scenario, we start with Λ = 1 and an uncertainty
in the modeled dynamics with the system matrix

𝑡 < 30 ∶ 𝐴𝑝 =

⎡⎢⎢⎢⎢⎢⎣

−0.0067 0.0410 −0.0037 −0.3223
0.0010 −0.3558 7.8068 0.0047
0.4454 −0.3380 0.0015 0.0302

0 0 1 0

⎤⎥⎥⎥⎥⎥⎦
, (65)

placing the eigenvalues at −0.1800 ± 1.6000𝑖 and −0.0005 ±
0.1400𝑖. An anomaly is then introduced into the inner-loop con-
troller at 𝑡 = 20 s, failing the adaptation in the 𝐾̂𝑥(𝑡) channel (i.e.,
𝛾𝑥 = 04×4 for 𝑡 ≥ 20 s). It is noted that the other inner-loop adap-
tive parameter, 𝜆̂(𝑡), is kept actively adapting throughout the sim-
ulation. At 𝑡 = 30 s, a failure is introduced into the plant dynam-
ics, where the control effectiveness reduces to Λ = 0.5 for 𝑡 ≥ 30
s, and the system matrix becomes

𝑡 ≥ 30 ∶ 𝐴𝑝 =

⎡⎢⎢⎢⎢⎢⎣

−0.0127 0.0427 −0.0040 −0.3227
0.1100 −0.3859 7.8124 0.0131
1.1479 −0.5323 0.0376 0.0847

0 0 1 0

⎤⎥⎥⎥⎥⎥⎦
, (66)

placing the eigenvalues at −0.1800 ± 2.0000𝑖 and −0.0005 ±
0.1750𝑖.

Figure 2 shows the pitch angle tracking trajectory for the afore-
mentioned scenario, where the performance of the proposed
adaptive pilot model is compared with a fixed (non-adaptive)
pilot model utilizing the nominal control law (64). The effective-
ness of adaptation in the proposed model is evident as it learns to
compensate for the plant failure, converging back to the desired
trajectory of the crossover-reference model. On the other hand,
for the nominal pilot model, the plant failure causes a perma-
nent deviation from the desired trajectory, which persists since
the model is non-adaptive and is therefore a poor representation
of what a well-trained pilot would do in such a situation.

The pitch angle tracking error and pilot inputs are displayed
in Figure 3 for both the nominal and the adaptive models, and
the evolution of the human adaptive parameters is displayed in
Figure 4. While the adaptive model achieves enhanced transients,
it comes at the expense of an increase in the pilot control effort.
This can be observed from Figure 3, particularly in the time frame
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FIGURE 2 | Pitch angle trajectory tracking of the proposed adaptive model, compared with a nominal non-adaptive pilot model.

FIGURE 3 | Top: Pitch angle tracking error evolution. Bottom: Pilot control inputs.

FIGURE 4 | Evolution of the human adaptive parameters. The norm ||Φ̂2(𝑡)|| is computed across the 5 discrete points in 𝜂, that is, ||Φ̂2(𝑡)|| =
(
∑5

𝑖=1Φ̂2(𝑡, 𝜂𝑖)2)1∕2.
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FIGURE 5 | Pitch angle tracking error (top) and pilot control inputs (bottom) for the nominal pilot model and the adaptive pilot model with different
learning rate values. The adaptive pilot model (×1 LR), whose signals are also shown in Figures 2–4, uses the learning rates 𝛾2, 𝛾3, 𝛾𝜙1

, 𝛾𝜙2
specified at

the end of Section 5.2, while the adaptive pilot models (×2 LR) and (×10 LR) use double and ten times each of these rates, respectively.

between 63 − 67 seconds, where the control inputs of the adap-
tive model are more oscillatory than those of the nominal one,
but leading to a 70% reduction in the pitch angle tracking error.
Under the effect of a failure, such a behavior can be expected from
a pilot attempting to compensate for the uncertainty, which also
raises the question of how to better design the control system by
taking the human pilot into consideration.

Finally, to investigate how tuning the human learning rates
affects human adaptation, Figure 5 shows the pitch angle track-
ing error and pilot control inputs for the nominal pilot model
and the adaptive pilot model with different learning rate values.
As expected, higher human learning rates lead to faster human
adaptation, resulting in lower pitch tracking error. However, this
comes at the cost of increased human control effort. Therefore,
when modeling human behavior, it is crucial to select learning
rates that reflect realistic adaptation speeds while maintaining
control efforts representative of those observed in real pilots.

6 | Conclusions

This paper introduces an adaptive human pilot model designed to
capture a pilot’s behavior in the loop with an adaptive controller.
The pilot is modeled using a model reference adaptive control
architecture accounting for reaction time delay and input satu-
ration, and supported by a rigorous Lyapunov–Krasovskii sta-
bility analysis. The effectiveness of the proposed adaptive pilot
model is validated through a detailed simulation study of the
longitudinal motion of a 747 airplane, demonstrating that the
proposed adaptive pilot model provides a more accurate repre-
sentation of a well-trained pilot compared to a fixed nominal pilot

model. The adaptive pilot model serves as a valuable tool for guid-
ing the design of adaptive controllers and enabling their evalua-
tion in simulation environments to ensure safe pilot-controller
interactions.
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